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ABST RACT 

The present thesis is a study of linear feedback shift 
register circuits (LFSR) over GF ( 2 n ) . It is shown that sequences 
of binary n-tuples can be represented as sequences over GF (2 n ) 
and therefore can be generated by LFSR circuits over GF ( 2 n ) . 

The multiplication of two field elements (binary n~tuples) is 
shown to be equivalent to multiplication of an appropriately 
chosen n x n binary matrix corresponding to one of the two 
elements, by the n x 1 vector corresponding to the other element. 
A procedure is given to obtain the binary matrices corresponding 
to field elements . The response of LFSR circuits over GF (2 n ) 
is studied. This includes both the autonomous response and the 
response to periodic input over GF(2 n ). Some of the properties 
of autonomous response of LFSR circuits over GF(2 n ), viewed as 
n binary sequences put row by row, regarding relationship 
between these rows, their individual periods and period of 
overall sequence are described'. A synthesis procedure based on 
Massey's algorithm for designing a LFSR to generate a sequence 
of bin ar y n— tuples is given. This includes determination of 
the tap coefficients, the length of the circuit and initial 
states, such that the number of stages in the LFSR is minimum. 

A computer program is given which can be used for the design of 
LFSR by thi above procedure. Some of the applications of LFSR 
circuits and of the synthesis procedure are described. 



CHAPTER 


INTRODUCTION 


The present thesis is a study of u particular class of 
linear sequential circuits which are capable of handling 
sequences of binary n-tuples. Such circuits are basically 
LSC over GF(2 ), in which the field elements are represented 
by n-tuples formed by binary coefficients of polynomials with 
degree less than n 7 and the multiplication and addition of 
these polynomials is modulo an irreducible polynomial 
[see chapter 2] of degree n. Thus all the 2 n binary n-tuples 
[a a-a 0 . . .a, -i 1 / a. £ GF(2) are elements of GF(2 n ) and are 
represented by n x 1 vectors. 


The block diagram of a general LSC is shown in Fig. 1.1. 
It consists of a number of synchronous delays which are fed in 
by various linear combinations of the contents of the delays/ 
and in addition/ by the external inputs. The outputs are 
also combinations of the similar type. The contents of the 
delays/ called state variables/ and the outputs at any instant 
are given by the following matrix equations ; 

x (k+1> = 

~(W = ngad 
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CO CO f° 

where the vectors X,tj end Y denote the states. 


co ro eve 
<o ro oo 


inputs and outputs respectively, and A, .3,0 and D are 

matrices of compatible dimensions. 

h r? 

When the matrices A and is are of the tvpe : 
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'then the circuit becomes of the type shown in Fig, 1. 2 
and is called a linear feedback shift register (LFSR) circuit. 
When a sequence u''" ; is fed to the circait, the output Y kv; 
becomes a linear combination of the states xj J ^ ,X 
ana the inpu-c am a sequence is obtained at the output. 

Generally the matrices C and D are of the form 


L C 1 C 2 C 3 


..... cl? D - 1 . 
m J 


Sometimes C = [0G0...1] and D = 0 or other choices arc 
used. For these two choices, the outputs Y and Y* are 
shown in the figure. The constants C i /C 2 / c 3* * * °m are ca -' L -*- oc ^ 

CO CO 

tap coefficients. When the entries of the matrices A, B, C 
and D are from some finite field GF(q) , where q = ^ p is pnmc) 

and the circuit is capable of handling data from GF(q), the 
circuit is called LFSR circuit over GF(q), 


Design of LFSR circuits is simpler than that of a 
general LSC and LFSR circuits have got a wide range of 
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applications. Properly designed LFSR circuits can translate 
a sequence into another with desired properties like extension 
of period etc. and thus are useful for scrambling, ••cryptography 
and BCII decoding etc. 

n 

In this thesis, we study LFSR circuits over GP(2 ) where 
elements of the field are represented by binary vectors. The 
structure of such circuits, their autonomous response properties 
of autonomous response and their response to periodic inputs 
studied. 

The synthesis of such circuits is also studied in this 
thesis. This study involves the design of LFSR circuits which 
can generate a given vector sequence. The connection polynomial 
and the shift register length are the two things to be deter- 
mined in the design. however, since the LFSR circuit which can 
generate a given sequence is not unique, a procedure is also 
given to choose the one which has got minimum number of stages. 

Hi .sto r ic a B lack grounds - The concept of linear 

7' ~ [i] 

sequential networks was originally described by Huffman and 

r 2i 

since then several generalisations have been suggested 1- . 

Huffman suggested that the results obtained for binary case 
are still valid if the polynomials describing the circuits are 
based on some number system other than binary. £lpas^7 
Hurtmanisl^ 3 and many others have considered the linear modular 
sequential circuits over GF(p), p > 2 and prime, as 
generalisation of binary case. Friudland and Sternal have 
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considered such circuits whoso state variables and input and 

output data are vector representation of elements of GF(p ). 

In the generalisation of such circuits/ the multiplication of 

a vector by another vector modulo[p,q (x) ] is represented by 

a matrix-vector multiplication. Then they have proved that 

a k^ 1 order LI'ISC over GF (p r ) is equivalent to a (k.r)"*"^ 1 

order LMSC over GF(p)/ and since synthesis procedure for 

systems having a prime number of levels are known, the circuit 

can be synthesized. However, they have not given the details 

of how the LMSC over GF (p ) can be obtained from the equivalent 

(kr) order LMSC over GF(p) . Nakamura and Idawere^-"^ have 

discussed multilevel pulse sequence scramblers, in which the 

n f 8 1 

data are elements of GF(2 ). Massey*- J has given a LFSR 

circuit synthesis algorithm which is modification of Berlekarnp's 

~9l 

iterative algorithm^- J for error correction vhich is applicable 
to sequences from any finite field. However the synthesis 
procedure for sequences consisting of n-tuplos in particular 
is not studied yet. 

Org anisation of the Thesis » - Chapter 2 gives relevant 
results concerning finite fields and their representation by 
polynomials, n-tuplcs and matrices. Representation of sequence 
using d-operator is also described. 

In chapter 3, expressions for the response of vector 
LFSR circuits are described. These include both the autonomous 

■Yc 

Details wi_l appear in chapter 2 
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response, and the response to periodic input sequences. 

Some properties of autonomous response sequences, viewed as a 
bank of n binary sequences put row by row, arc derived. 

It is shown that how a sequence generated by a L1 ? SR circuit 
having some connection polynomial is related to another, 
generated by a LFSR circuit whose connection polynomial is 
related to earlier one in a particular manner. Circuits 
generating maximal sequences are analysed. Expression for 
period of output sequences in terms of input sequence period 
is also given. 

Chapter 4 describes a design procedure for a LFSR 
circuit (including the calculation of connection polynomial, 
shift register length and initial states) which can generate 
a given sequence of n-tuples. The synthesis procedure is 
based upon Massey' s algorithm. Appropriate flow charts arc 
given to explain the overall synthesis procedure, and the 
Massey's algorithm. Finally a computer program is given which 
is used for LFSR circuit synthesis. Illustrative examples are 
also included. 

The thesis is concluded in chapter 5, in which results 
obtained are discussed and problems for further investigations 
are given. 

Applica tion of LFSR circuits t- A LFSR circuit 
translates a periodic sequences into another with some 
desired properties which can be achieved by proper design 
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of LFSR circuit oncl thus can be used in places where some 
sequence is converted into another with some desired 
properties like extension of period or insertion of frequent 
transitions, A low of its applications are described here. 

One of the most important applications of LJ?3R circuits 

fs] 

is scramblers. Scramblers ' are digital machines which 
translate a periodic data sequence into another with much 
extended period. This operation is most conveniently obtained 
by adding bit by bit/ a maximal sequence to the given sequence. 
Following factors are responsible for the use of scramblers 
in a digital data transmission system. 

The frequency spectrum of a periodic digital data 
contains discrete lines. If such signal is to be transmitted 
through one of channels oc a group modulation system, some 
nonlinearity in the devices may give rise to harmonics of 
frequencies at which discrete lines exist. These harmonics 
may fall in the domain of adjacent channel and therefore single 
tone interference arises. Since tones (discrete lines) are 
generated in data transmission systems by periodic sequences/ 
and their amplitudes are inversely proportional to period/ 
a larger period is desirable. 

Recovery of clock from the digital data is one of the 
major operations done by the receiver equipments. The clock 
is recovered using circuits which operate with zero crossings 
in the received data. Therefore if the transmitted data 



contains a string of 1 l's only or ’ 0's only/ then the 


performance of clock recovery circuit will degrade. Also if 
the transmitted data is periodic with small period/ its 
frequency spectrum will contain discrete lines at frequencies 
different from clock frequency. Thus the clock may get 
locked to some other frequency giving rise to timing error. 


From the above reasons/ we conclude that the transmitted 
data must contain sufficient number of level transitions and 
should not have periodic data with small period. This is 
achieved by use of scramblers "L 

Scramblers, alongwith lengthening of data period, also 
do one more important operation, viz. systematic jitter 
suppression . Timing jitter is the phase modulation of 
received signal duo to some obliterations in zero crossings 
of received signal. This got accumulated at every repeater 
stage and leads to crosstalk and distortion. The timing 
jitter related to pulse train is called systematic jitter 
and is mainly duo to 1ST, finite pulse width and clock thres- 
hold offsets. This can considerably be reduced by incorporating 
scramblers 


Another application of LFSR circuits is encryption in 
which a digital data is translated into another by adding 
to it, bit by bit, a sequence. We will see later that this 
is achieved by possing the data through a LFSR circuit. 
However if a m-sequencc is simply added to data, this 
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encryption is not secure and cun be decoded by a hit and 

r 1 2 1 3 1 

trial method *- * \ If some nonlinear but reversible opera- 

tion is done with the data using sequences of high complexity 
the decoding becomes very difficult and. can not bo done 
easily by hit and trielmothod. Generation of such sequences 
with higher complexity is described by Kalouptsidis and 
Mo nqjar aki s ^ -L 

The LFSR synthesis algorithm has got a very important 

T 9 1 

application in decoding of BCE-I codes. BCH codes L J are cyclic 

codes whose generator polynomial g(x) is chosen to be a 

minimum degree polynomial with coefficients in GF(p) having 
m m +1 m + d-2 

u u , c e as roots/ where cC is a specified 

nonzero element of GF (p rrt ) t m Q is a positive integer and d 
is an integer larger than 2 such that d-1 specified roots 
of g(x) are all distinct. This code has length n, distance 
d and code redundancy r/ where n is exponent of g(x) 
and r is its degree. 

If a BCH code/ described by the polynomial 
f(x) = f 0 +f jX+, . . ■>■..« !■ f jx n 1 is transmitted and the 
received vector r(x) has some errors# then the weighted 
power sum symmetric function S. / associated with the error 
polynomial a(x) = r(x)-f(x) is defined as 

S i * oO 1 ) i=l# 2/ 3. . . 

and therefore S. = r(cJ^) i=m /m+l.*.m d-2 

1 o o o 
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If t errors occur then e (x) has t nonzero 

components. If nonzero component e (x) is the digit 

e, then X.^ is celled the error locator and Y.= e, 

k j r k 

is the error magnitude and these are ‘related to S^ as 

i 

S. = S Y . X . i=l, 2,3... 

1 j=l J J 

r 1 5 1 

Forney 1 - J has shown that Y. can be determined from 

the knowledge of X . . Thus the essential BCH decoding problem 

reduces to determination of X ^ , j=l,2,..„t, knowing 

i=m ,m -!-l...m +d-2 
o o o 

r 9 1 r 

It has been shown by Berkkamp L J and Massey 1 - J tha%. 
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m_ 
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'm +1 
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d + S 
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- R.(< 
c(d) 


where d is the delay operator 

t m t 

p(d) = S Y. X.° Tr (1-X v d) 
j=l J J ]c*l K 

k/j 

t 

c (d) = TT (l-x.d) 

j=i J 


and c(d) is the connection polynoinial of a unique shortest 

LFSR over GF (p m ) that generates the sequence S , S , . ...S . . 

m m + 1 m -t-d 

l o o o 

The roots Of c («-) are reciprocals of the t error locators. 


Thus knowing the obtained from the received vector, 

we can design a LFSR which generates the sequence 

S^, i=m o< m +1 ... and the roots of the connection polynomial 
of this LFSR can be used to find the error locators^^ and 


hence the errors 



CHAPTER II 


MATHEMATICAL P RELI MINARIES 


This chapter includes relevant text on algebra of galois 
fields and representation of field elements by polynomials, 
n-tuples and matrices. The set of all binary n-tuples also 
represents set of elements o~ f GF(2 n ) and has a one-to-one 
correspondence with set of binary polynomials of degree less 
than n. The multiplication of n-tuples is equivalent to 
multiplication of an appropriately chosen n x n binary matrix 
by a n x 1 vector.- The procedure to obtain these matrices, 
given by Friedland and Stem'- 1 J is explained in this chapter, 
and an alternative procedure is also given. Representation 
of sequences using d-operator, and their representation by 
polynomials in d is also described. Since adequate literature 
is available on these topics, relevant results are quoted in 
this chapter without proof/ details can be seen in the 
references £17] through [20], 

2.1 Finite Fields and E x tens ions t- In this section, 
definitions of finite field, extension of finite field and 
other relevant terms are given and the representation of 
elonents of extension field by polynomials is described. 
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2.1-1 F inite Fields 

A finite field is defined os an algebraic structure 
consisting of a finite set S elongwith two binary operations 
© and 0 , such that <3, ©> is an abelian group under 

addition, and the set of all nonzero elements of S, alongwith 
the operation (7) forms a cyclic multiplicative group, and Q 
distributes over (t) 

The operations © and Q arc known as field addition 
and multiplication operations, and are generally different 
from ordinary operations. Field is denoted by<S, © , Q>, 

Finite fields are also called modular fields or galois 
fields, and are written as GF(q), where q is the number of 
elements in the field. / q' has to be either a prime number, 
or some integral power of a prime number i.e. q = p n , n=l, 2, 3 . . . 
and p is prime. 

A number of mathematical structures may be used to 
represent the elements of a rield. If two fields are such 
that they have equal number of elements, and there is a one 
to one mapping 9 between the elements of the two fields say 
F^ and such that 


9 (a 

© 

b) = 

9(a) 

A 9(b) 

9(a 

0 

b) = 

9(a) 

o 9 (b) 


for all a,b e with field operations © and Q 

and 9(a), <P(b) £ F 2 with field operations a and o 
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than the tvio fields are said to bo isomorphic. In this 
thesis, all isomorphic fields having q el aments i 
will be denoted by GF (q) . When n=l, it is very convenient 
to represent the elements of bae field GF (p) by the integers 
0, l y 2, . . p~l, and to define the operations @ and 0 as, 

a+b < p 

a+b > p 2 . 1-1 

a.b ** p 

pi < a.b p(i+l) 2.1-2 

where a and b aru elements of the field and ' + ' and ' 
are ordinary addition and multiplication operations. This 
field has p elem >nts and is ’-written as GF ip) . The 
operation © is called addition modulo-p. 

E xam pi o 2.1 Consider OF (2). The elements are represented 

by 0 and 1. 


Then 0©0 

= 0 

+ 0 a 0 

• 

/ 

0 

O 

I! 

O 

© 

X 

0 

= 0 

0©1 

= 0 

+ I = 1 

• 

0 

01=0 

X 

l 

s 0 

0 © 0 

= 1 

+ C ■= 1 

r 

l 

l — 1 

\l 

O 

© 

X 

0 

s 0 

10 1 

= 1 

+ 1 = 1 1-1-2 -0 

• 

t 

l 

0i = i 

X 

i 

= 1 


2 . 1 -2 F i eld E xt ens ion $ t - 

Consider a set T having p n elements where p is a prime 
number and n=2,3,4... . Let f r ?nrl be two binary operations 
such that <T,# ,* > is a field. Let S b a subset of T 
having p elements and < 3, £ t + > be a field isomorphic to 


S b = 


a © b = 


a+b 

a+b-p 

a.b 

a.b-pi 
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to GF (pj . Then the field < T, # r -y T > is said to be an 
extension of <S > 'n' is called degree of extension. 

The n"^ degree oxtexioio.i of GF (p) is written as GF (p n ) . 

Nov w: shall sej how GF(p n ) can be formed from GF (p) . 

For this, following definitions are useful. 

a polynomial <3 (.xJ = q^tg^x g 9 x ' ! ‘g n _j_ x ''' g n x 

over a field GF (p) [ i.._. the coefficients g^ are from 
GF(p)} is 3aid to be reducible ov;r this field if it can be 
written ns a product of two polynomials over GF (p) , Otherwise 
it is said to be irreducible. 

The exponent of a polynomial is defined as the least 
integer e such shat the polynomial is factor of 1-x 

An irreducible polynomial of degree n over GF(p) is 
said to be primitive if its ;xponont is q n -I„ Nov; consider the set 
of all polynomials over GF(p), v/ith degree less than n. 

i.e. T - { (a + a. x+. . . + . - .+a ,x n "" 1 )/a,s GF(p), 1=0, 1, 2 . . .n-1 } 

and let g(x) = q.-l- q-^x !• »+q ^x n ~^+ x n 2.1-3 

be an irreducible polynomial or degree n over GF(p). 

th 

Then < T, #- > is defined as the n degree extension 

of GF (p) and is vritton as GF(n> n ), where the field operations 

# and * are defined by 

n-1 . 

A(x)# B (x) = D (a. © b . ) x 

1=0 1 1 


2 . 1-4 
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A(x) * B (x) 


2n-2 i ± 

1 ^ (a. 0 b, .) x mod <|(x) 

i=C' jr_-0 J 1 "° 


2.1-5 


where 


n-1 

a(x) — 3 n.x e T 

i=0 1 


B (x) = T, b.x c T 
i=0 1 

a./b^ e GP(p) 

© and 0 arc; GF (p) operations 


and mod q(x) means whenever power of x exceeds n-1, x 11 is 
replaced by x n ~a(x), where g(x) is given by 2.1-3. Thus 
RHS of 2.1-5 is a polynomial of degree less than n and 
therefore is an element of T. 

It can be verified that the set s of all polynomials of 
degree zero over GF (p) is a subset of T and < S, # , # > 
is a field isomorphic to GF (p). Therefore < T , # , > is on 

n^ degree extension of GF(p). The operations # and * are 
called addition and multi oli cation modulo [p, q(x)] 


2 . 1-3 Repres ent ation of f ie ld, ^Ijaa^nts_ by power of primi tive 
e lement ; 

An element of a field GF "a) is said to be a primitive 
element of the field if it can generate all other nonzero 
elements of the field by repeated multiplication of itself. 

The order of a field element is defined as the least 
integer, to which the element should be raised to get the unit 
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element of the field. Thus i' c (X is n fi-ld olemaet .rind 
o: v = l, f. 1 for k : v then v is tho order of a. 




Th.. ord-r of b primitive element of GF (q) is q—l.re-oc - 1 
In any field isomorphic to GF (q ) , there are a number 
of primitive oljmrnts. On.j of thorn is represented by some 

2 3 1 i 

symbol a. Then others are written as a f a... a^~ . 

^ x f£ a Jl^ 3 . iewl- Consider the field GF(2^). Hjre p=2, 
n=4 . Let g(x) = 1 ix+x^-x^+x' be an irreducible polynomial 
over GF (2 ) . 

Then T - { 1, x, x 2 , y: , 1-i-x, 1+x* , 1 -! -yi , x+x 2 , x-!-x 3 , x 2 +x 3 , l+x-l-x 2 t 

l+x+x° , 1-f-x 2 -;-x 3 , x-:-x“ -i-x 3 , l-!-x-:-x 2 +x 3 , 0 } 

9 3 3 2 2 

We sqj that the polynomials l+xH*x“ / l-!-x+x r x-'-x , Itx ,x+x J , 

3 2 3 

1+X/l+x ,x+x +x have order 15 ruid therefore can bo chosen as 

2 

primitive elements. Choosing x+x as primitive element and 

denoting it by <x, the others can be obtained by repeated 

2 

multiplication of xfx - " by itself in a manner defined by 
2 . 1-5 . Thus 


1 

a 

cb 


(x+x "O'* (x+x*) 

2 , 4 

x + x 


x+x 


X 


! j / 4 / , , 2,3,4s 

+ be - V 1+X~X +X +X ) 


2 2 2 
= X -I- 1+X+X -!-X J 


1 +x 


+x 
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Ct^ = (l+X+X^) w (x+x^) 

, 3^ 4, 5 

= X+X + X TX 

3 . / 4 , 2 3 4 \ 

= X+X +\X -1-X-X ~X —X J 

n 2 3 ^ \ 

+ V.X — 1— X-X — X —X ) 

= X+X +I+X+X -!-x 

, , , 2, 3 L 4 

+X+X -i-X +X 

nj . , 2 . / 4 , 2 3 4 % 2 

= 1+x+x + lx -1-X-X -X -X J — x 


and we can proceed in a similar manner to get 

,4 


a 


or 


a 


a 


7 


a 


8 


» 1+x+x* 

" 3 

= 1 +3T+X 

, , , c , 3 

= 1+X+X TX 
= 1-1- X 

o 

= X "“X 


cr 


x 


a 


10 


a 11 = 1 


a 


a 


12 


13 


, 2, 3 
+x +?. 


+r 

x" 

. 2 , 2 

X-rX +X 


-1 , 2 
ex =1 +X 

16 " 

cs D = 1 


2 .2 Ot her Representation s of. Ji eld .E lem ent s t Mathematical 
structures other than polynomials are also used to represent 
the elements of G?(q). In this section, we show that vectors 
and matrices may also be used to represent elements of GP(q) . 
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Lot T bo tli 2 sot of all polynomials over GP(p) with 
degree loss than n~l, ns defined, in previous section. Lot V 
bo the sot of all n x 1 vectors with elements from GF (p) . 
Define a mopping <p from V to T os 




Than we see that the sot of all n x 1 vectors over 
GF (p) can represent the elements of GF (q) . Now we shall 
find the procedure to add and multiply these vectors. 


be two elements of V. 



1 




a 

o 


h o 

Let A — 

i — ! 

rj 

and B = 

h l 


* 

* 

* 

c n-l 


* 

«r 

b - 
n-1 . 

- i 


then their sum can be obtained by the procedure given by 
2.2-1. Since 

1 I n — 1 j 

(p" x (a) = a + a- x-!-. . . :-a = E n.x = A(x) 

° " n - 1 1=0 1 

i i n 1 _> 

<P (B) = b t b.x-i-...+b , x = S b.x 1 = B (x) 

o •%» in ' -i- « * r i . 

1=0 


<P -1 (a)# <P“ 1 (B) a A(x) # B (x) 


n-1 

=* 2 ( a. -I- b . ) x 1 

i — 0 x 1 


using 2.1-4 


A# B = <J>(A(x: # B (x) ) 

= ^((a © b ) 4- (a, b, ) x + » .» + ...+ (a ® b 

o q 11 n-1 n-1 


a o © b o 
n l® b l 


a , @ b . 
n-1 n-1 


or 
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a 

■ o 


1 

o 

\ 


a < 3 ) 
o 

b 

o 

a i 

* 


b l 

* 


a ® 

* 

b l 

» 

# 

* 

* 

rt 

« 

* 


n , 

l 

» 


b. 

i 

• 


,£© 

0 

4 

b. 

l 

# 

a n-l 

1 i 

i i 

* 1 

b 1 
n-l 

j 

* 

*\-l 

© b n-l 

J 

L J 

1 


- 


The multiplication o £ two vectors can be achieved by 
procedure given by the following lemma. 


2 . 2-2 


the 


L emma 2*1. The multiplication oc two vectors from the set 
of n x 1 vectors corresponding to set of polynomial of degree 
n~l is equivalent to mul tiplicetion of a n x n matrix 
corresponding to one oE the vectors by the other vector. 


Proo f . The multiplication o r - A and B can be done by the 
procedure given by 2.2-1. For this, we first multiply 
corresponding polynomials 

2n-2 i 

A(x)*B(x) = S T, (a. 0 b. . ) mod q(x) using 2.1-5 
i=0 j=0 3 x ~ 3 

The product A(x)* B(x) includes terms having powers of x 
higher then n-1 which are to be reduced modulo q(x). For 
this, we write using 2.1-3 


n 


x ' 


n-!-l 




X 


2 

c ■ 
2 

-q o X - qjL x - 
-q o x - q r x 2 - 


c[q x — * * #*— f * * — cr. 


T i x 
ti-i 


n-l 


# * # 


n-l 

‘ q n-2 x - V-1 X 

n-l 


n 


*" q n-2^ 


+q o q n-l + + < l2 q n-l x2+ "" 1 '-'' +< 4-l xn ‘ ] ' 

==(q o C3 n-l )+(q l q n-l- c fe )x + (q 2 q n-l“ q l )x + **'' ! -*** + 


( 


<^- 1-^-2 ;x 


n-l 
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In otherwords we can write 

n _ n (n), _(n) . n (n) 2, , , _(n) n-l 

x = CL t Q, x + Q„ x +...+,.. +Q ,x 

o i ^ n-i 


n+i 


x 


0 (n+i)_,_ 0 (n+i) 0 (n+i), 2 , (n+i),n~l . 1 

X -r X -I-, . . + . . » X , 1=1, 2,3,*. 


n-1 


(n+i) 2.2-3 

where the coefficient Q . are given by the recursive 

equation 
Q 


(n-i-i+l) 


Q 


(n+i+l) 


o 


and Q . 
3 


(n) 


n (n+i) _.(nti) , . „ , 

— — g j Q n ^_2_ 1 J~-l/ 2 , . . . n-l 

n (n+i) 

= - a U 

+3 n~i 


-q. 


2*2.4 


Therefore x n , x n ' \ x n+2 ...ete. con be written in terms of 

n-l degree polynomials in x. We can write x 11 , x n+1 , x n ’ r2 * . . : 
. _ 2 n-l 

m terms or x, x ...x as the following matrix equation 


2n- 


n _ n+1 n-i-2 2n-2- - ? 


r n 

[x > 


'Hi 


x x 


where the coefficients U 


(n+i) 


n-l-i 

X j- 


(n) Q (n+1_ (2n-2) 

0 o o 

q (n) n (n+1 

1 U 1 


Q ( n) Q (n+1 


(2n-2) 

1 

(2n~2) 


(n) , (n+l) 

n-l "n-l 


Q 


(2n-2 )■ 


'n-l 
2,2-5 


are given by 2.2-4. 


Now we can write 
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2. 2-7 


where the matrix A = [a' \ on the RBS of above equation is the 

— , 1 j 

matrix appearing in the bracket in the RHS of Eq. 2.2-6. 
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Thus we see that multiplication of two vectors is equivalent 
to multi alien tion of a n x n matrix whose elements depend 
upon the elements of A and coefficients of q(x), by the other 
vectori However computation of the above matrix A by this 
procedure is quite involved and we give a simple procedure 
to compute this matrix after the following example* 



' 0 " 


r i ’ 

* Multiply - 

1 

and B = 

i 


1 


i 

i 


! 0 
. J 

1 

i 


given q(x) 1+x+x 2 +x 3 +x 4 . 


A ij i 

The equa bion 1+x+x +x~ +x 

A , 2 3 

x =» 1+x+x +x 


O gives 


x 


' ** X * il+X+X^+X^ ) 

» 1 


x+x 2 +x 3 +X 4 ” x+x“+x 3 +l+x+x^+x 3 


X 


Therefore 


r 4 5 6-, 

Lx X X ] 


r 1 2 3n 

X X X J 


A(x) * B (x) = [l 


x x 


1 

1 

1 

1 


* 3 i- 


1 

0 

0 

0 


0 

1 

0 

0 


0 

0 

0 

0 ’ 


m m 

1 

1 

0 

0 

0 


1 

1 

1 

0 

0 


1 

0 

1 

1 

0 

J 

* l 

1 

to. J 
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Recall for Ex. 2. 2 that A = a, B = a° and therefore 

7 

A* B = ct . Therefore result is verified » 


Pr < o c edu re to obtai n the mat rices correspondi ng to vect ors { 

It has been shown in previous section that the multiplication 

of two vectors is equivalent to multiplication of a matrix 

corresponding po one of the vectors by the other. Nov we give 

two alternative procedures to determine the matrix corresponding 

to a given vector. The first procedure is the one described 

r g i 

by Friedland aid Stem L J . Then another procedure is given 
and it is proved that the matrices obtained by both cases 
are the safAo. 

Let A(x) and B (x) two polynomials of degree n-1 

and 1 A and B be corresponding vectors. The product of 
A(x) and B (x.' can be written as 

C(x) = A(x) Ebx) = (a + a_x + a„x‘ :J 4-...+a ,x n ^).B(x) 

o l 2 n— l 

= a .B(x)+ a, .x.B(x) + a„x 2 .R rl-a , x 11 ”"'*' .B (x) 

o 1 2 n— -L 


Writing C(x) and B(x) in vector form, we get, 

C = a B + a, x B + a_x 2 B a -,x n ’” 1 B 2.2-8 

where B is representing the polynomial b^-b-^x-Hb^x 2 -!-. . ,+b ^x n_ ^ . 

If the multiplication is modulo-g(x), x a is replaced by 
x n -q(x) and therefore 


x 


• B(x) = b x + b,x 2 +...-i-b 0 x n ” 1 t b . x n mod q(x) 
^ 1 n-2 ^ 


n~l 


= U ^ b n-l } + ( V q l b n-l )x + (b 1 ~q 2 b n> _ 1 )x 2 +... + ...+ 


(b 


n~2~ V-lV-l/* 


n-1 



26 


or in the matrix form, 

0 0 ... 0 — c 

1 0 ... 0 -q^ 

0 1 . . . C -g^ 

* * # 

• * * 

* * * 

0 0 1 ~q 

H n~ 

j 

Substituting 2*2-9 in 2*2-0, we get 

C =s a^B * B -r -{-« * * 4-* * * t ^M n * §. 

or C = (a I + a,M + a 0 M 2 -;-. .+ a 1 M n ~’ 1 ) .B = A.B , 

Qs=s 1— 2— n— — 

where A = a I + a n M t •«* + *• • + a M n ^ 2*2-10 

rs jL* * n~i« 

0 0***0 
1 0 . . . 0 -g^ 

0 1***0 

0 

0 0 ... 1 -.q 

ii“ 

The matrix M is the companion matrix corresponding to 
the polynomial q(x), and using powers of M t the matrix A 
corresponding to the vector A can be constructed. 

Now we give an alternative procedure for construction 
of A . Let a be the primitive element of GP(p n ), where 
the elements of GF(p n ) arc represented by vectors over 
GF (p) . Therefore a corresponds to some polynomial say 
« + 1 x n “ 1 and lot some power of a say cc v 

corresponds to the polynomial x. Therefore 







27 


a v = 


and (C” V )' L = a v 1 corresponds to x 1 and thus 



~o~ 


'o ‘ 


'0' 


r 

_q o 

a 2v = 

0 

1 

; a 3v = 

0 

0 

a (n~l) v _ 

0 

0 

1 rv nV 

and a = 

~qi 

~ q 2 


0 

* 


i 

0 j 


0 

* 


m 

p 


« 

_0 ; 

1 

j 

i 

* 




♦ 

-q n 
tl-l: 


„nv 


since a corresponds to 


n 


n~l 


which is equal to 


“ ^2^” •**“■*• * ~ q n p -*■ 4 

Now let a be the matrix corresponding to a. 


Since a * 1 

and similarly a •» a 


a 


therefore a.l = ct 


v 


„vil ,, _ „ „v ^v+l 

<x therefore oc. a = a 


* , „ (n-lJ v+1. , - „ „(n+l)v „(n~l)vtl 

a •?(- a = a therefore a. a = a 

We can verify that all other equations can be represented as 
linear combinations of the above n equations. The above n 
equations can be written simultaneously as n columns of the 
following matrix equation 
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r V 2 V 

ja.l a. a v aa 

L> •»*■* * * * “» *- v* yr — 


or a f l a v a ~ v ... . . .a 


.a .a 


(n-l) v- 


(n-1 ) V' 


.[a a v+1 a 2v+1 ...a (n - l)v+1 ] 


■+1 „2v+l ^(n-l)v-fl- 


] =[?- 2. V " 1 " 1 a^ v ‘ . ..a 


2.2-12 


The matrix [ J_ a v cd' v ^ xi— 1 ^ V] unity matrix 


and therefore 2.2-12 becomes 

rr - r r> rv V+1 «2v+l 


(n— 1 ) vtl- 


a = [ a a a^ v ' ... a KU ~ ±/VrJ -] 2.2-13 


This is the matrix corresponding to the vector a 


'1 ‘ 


The i power of this matrix is obtained as follows. 


“ a x 1 a 

- or^~ X [ a a v ' 1 ' 1 a^ v+ ^... a (n~l) v-rlj 
= a x " 2 [a a a a a 2v+ ^...a a v-i-1] 

= oc i ~ 2 [a 2 a v+ 2 a 2v+2 ... a (n ~ l)v+2 ] 


or a 1 = [a 1 a v+i a 2 ^ 1 


^(n-l)v-i-i-j 


2.2-14 


Now let us prove that tne i^ power of a corresponds to 

tl"i 2 1 

i power of a and the two sets { a o . .._a^~ } 

and | have a one-to-one correspondence. Suppose 

c 1 corresponds to c 1 and a 2 corresponds to a 2 . Then it is 


uf ficiont to prove that a J ' corresponds to Since, 
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and therefore 3 ~ 

which corresponds to 


[a 1 a v+1 c 2v ' hi ... a (n - l)v - fi 
[g 3 a v+ J g 2v+3 ... a^n-Dv+j 

a i+ J= [g 1 ' 1 ' 3 ' r v ' 1 -^' g 2 ^ 1 * 3 , 
a 1 * 3 = c i -, r a 3 


] 

] 


a 


(n-l) v-ri-i- j 


The matrix g given by 2.2-13 can further be simplified. 


Since 


,v r„v „,v+v „2v+v „ (n-l) v-l-v-i 


a = [a a +v a zv+v ...a 


J* 


0 0 0 
10 0 
0 10 


» 4 


•• 


-q 2 


i= M 


* # 


* * 


0 0 0 


" q n-lj 
( from 2.2-11) 


and 


a"*'" 1 ’ 3 = a^* a- 3 ' = g 3 
therefore Eq. 2.2-13 becomes 



2. = [ 

a g v # a 

g 2v ,- 

CC * * * » * 




= [ 

a a . a 

g 2v . 

cc « • « • # 

. a (n " 1> . v a] 


or 

a = [ 

a m. a 

M7K 

* * * « 

. M n d a ] 

2.2-15 

and 

therefore Eq. 2 

.2-14 

becomes 




a ^ = 

[ 2.^ M-a^ 

2 i 

MTOf - 

* * * <*• * 

. M n “} a 1 ] 


or 

A = 

[A m * a 

2 

M7A 

« « • » « 

I 1 

<\ 

i — 1 * 

SI! 

• 

2.2-16 

where M 

is the companion matrix 

corresponding to 

irreducible 
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polynomial q(x) given by 2.2.11 and A is the matrix 


equivalent of the vector A 


a 1 for any value of i. 

How we prove that the matrix A given by 2.2-16 is 
the same as given by 2.2-10 following Friedland and Stern's 
procedure 


Since 1 


1 

0 

0 

* 

* 

4 

0 


; a 


v 


0 

1 

0 

« 

» 

* 

0 


a 


(n-i) 


v 


0 

0 

0 

T 



: 


■ 0 (n) 1 

, 

: (n+i ) . 

y o i 

and similarly « nV = 

-gi 

! rs 

'o 

-.(a) ! 

; a (n+i,v „ ; 

q ( n+i ) 

1 


“?2 

# 


“1 

(n) 

V2 


c (n-l-l) 

; . 


• 

^ -^n-l 


L n~l 


(nti) ■ 
_ n-1 


l — 1 r 2 r 3 


where Q^ n ' r; ^ are given by Eg. 2-2-4. 
Therefore we can write 


I = 

L i “ v « 2v 

a (n “ l)v 

M = 

[ a v a 2v a 3 v ... 

a nv 

m 2 = 

M .[ a v a 2v a 3 v . . 

.« nv 

2- 

[a 2v a 3v a 4v ... 

p (n+l) v 


and similarly higher povwrs of M can be written as 
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M 


, T l _ j- c ,iv a (i+l) v „ ( ±-!-2 ) v 


a 


« #> * 


(i+n-l) v- 


2.2-17 


Therefore the matrix A given by 2.2-10 can be written 
using Sq. 2.2-19 as. 


= a T + 
O' • 

a ]_ll 

0 

~b * ♦ **r < * 

a .M"- 1 
n-1— 

“ a o [l 

a v 

a 2v a 3v _ ... 

r , (n-1) v-j 

b j 

+a 1 [£ v 

a 2v 

?. 3V 2.‘ 1V 

a nv ] 

+£ 2 [- 2v - 3v 

a Av b v 

“ (n+1)v ] 


•fa 


n-1 


[a (n ~ l)v a nv a (n * l)v a (n+2)v 


a 


(2n-2 ) v- 


J 


th 


The i ‘ colum of the matrix A is therefore 

(i-l)v , „iv (i-t-l) v, , , „ (i+n-2 ) v 

-r a. « t a d + *..+..« + r 


a a 
o 


. th 


‘1- • Q 2 r - a n-l-~ 


2.2-18 


The i ' column of the matrix A given by Eq. 2.2-16 is 

E. 1V -*• a ( ' ± ' l ' n “ 2 ^ v ]- a 


[ £ (i ~ l)v « ±V a (i+l)v ... a (i+n ~ 2)v ] 


a oc 
o~~ 


(i-l)v , „iv 

- 5 - CY. 


a 1 pr^ v + a o a < ‘ lfl ^ V -!-. . .+a , a 

1— 2" n-1 


1 1 

1 2 

Vl-IJ 

(i+n-2 ) v 


which is the same as given by Eq» 2.2-18 and therefore the 
matrix A corresponding to the vector A given by both 
procedures is the same. 
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The various steps involved in computation of the matrix 
A corresponding to some vector A are following! 

(1) Construct the companion matrix M corresponding to the 

given irreducible polynomial q(x) 

2 1 

( 2 ) Compute the products M- A , M^A ... M n ~ A 

(3) The matrix A is given by A = [ A MA M 2 A » . , M n r^A] 

E xampl e 2 . 4 . Find the matrices corresponding to the vectors 


r 1 

0 - 


“ 1 ' 


0 ; 

1 and B - 

0 

, , , 6 
using q(.xJ = 1 +x+x and find the 

1 


0 


1 _ 


. 1 j 



products A * Q and B A . 



0 

0 

0 

- 

-So j 


" 0 

0 

0 

*1 

1 

Here H = 

1 

0 

0 

H 

& 

1 

SS 

1 

0 

0 

1 


0 

1 

0 

-q 2 


0 

1 

0 

0 ; 


. 0 

0 

1 

~ q 3 _ 

i 

0 

0 

1 

0 ^ 



H. — 

1 , 


1 r* 

1 



* 0 : 

<rr r 

1 

; H 2 A = 

0 


; m 3 a = 1 

; 1 ; 


0 


1 



0 


1 

L, J 


0 


' 

1 ■ 


r 1 

1 


* 0 



~0 ; 

— ] 

0 

; M 2 B = 

1 

i 

/ m 3 b = 

0 


0 


0 



1 


0 


0 



0 

S* 4 *’" 
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Therefore A*B = B A is verified* 


From the preceeding discussion, we conclude that the set 
2 rr ~~ X 

*,*A j f<P} of all n x 1 vectors over GF (p) has a one 
to one correspondence with the set of polynomials and similarly 
the set { A , A , . . ,A q “ , <p j of n x n matrices constructed 
by using 2.2-16 has one to one correspondence with the set of 

t * 

vectors such that A corresponds to A 1 . The multiplication 
of two vectors is achieved by converting one of them into 
corresponding matrix using 2.2-16 and multiplying it by the 
other vector. Thus the set of all n x 1 vectors over GF(p) 
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along with the multiplication and addition operations defined 
by 2.2-2 and 2.2-7 represents a field isomorphic to GF (p n ) . 
Similarly the set of matrices obtained from the elements of 
the set of vectors using 2.2-16 alongwith matrix addition 
and multiplication operations also represents a field 
isomorphic to GF (p n ) . 

2 *3 R epr e senta tio n of se quences. 

A sequence S is an ordered set of elements from some 
set and is written as S = s s-j^... • A sequence is 
periodic with period P if s. = s . . for all 1=0, 1, 2, . . . P-1 

JL lvKp 

and k=l, 2,3».. • The sequence T = ‘ ' ' i s to 0 

shifted version of some sequence S=s if for all i > 0, 

t. ,o = s., and t = t, 
l+P x o 1 

In this case vre say that T is equal to S shifted by P bits. 

If some sequence S=s is delayed by one bit, the 

delayed sequence can be considered as equal to the sequence S 
operated upon by a unit delay operator, which is written as d. 
Thus 

d { S 0 S 1 S ? S 3 . . . } — { Os^s^s ^ * * »} 

•Similarly if we denote the infinite sequence 

10000 ..... by o , where 6 = 1 an d 5 • . =0 

■ o i > o 

t-beaa we can write. 


tp 0 where P xs some integer. 
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10000 

01000 

00100 


r> 

= o 



and therefore tha sagu :nce 0 - 3 0 S 1 S 2 * * * can ke written as, 
S = 


or 


= s s . s 0 S «• * * 

o 1 2 3 

tz s 00000 
o 

-l- 0s 1 0000 
-I- 00s 000 . , . 

*r OOOs^OO » » « 

+ - . . 

- s £ + s,d5 •!- s 0 d a 1 - a n d~ A 

O -L .c o 

2 3 

- (s i-s^d -!- s 2 d s d +. . )<5 


= 3(d) 5 


This is called the polynomial representation of S. The term 
6 is generally understood and is omitted. The polynomial 
S (d) can be obtained by the following equation; 

C.U « 

S(d) = 2 s.d 1 2.3-1 

i=0 1 

and is called the d— transform of S 

If a sequence S is periodic with period P, then it can 
be written in terms of its u.~ transform as. 


s (a; 


s -t s.d + s n d 2 -;- . .'.+s d p ~~0 s d p -i-. . ,-t. . 

o 1 2 o-l o 


s d p - 


,2p-l 

> T U 

p-1 o 

= ( s q +s x d+s 2 d 2 + . . . .-i-s p _ 1 d p " 1 ) (H-d p td 2p +. . , ) 
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The polynomial l+d p -bd 2p -r. • is a formal geometric series 

and can be summed up to give 

ltd p -rd 2p + . *• + ••• = — ~ "• 

l~d p 

since (l+d p +d 2p -i-. . » ) (l~d P ) = 1 and l~d P f- 0. 

Therefore expression for 3( d) becomes 

2 pM- 1 

S -fs Cl'bS Cl H- • * '« 4" * * "# J rS i cl S 

S(d) « - — ----- 2.3-2 

i ^ o 


The RHS of above equation may have common factors in 
numerator and denominator polynomial, and can be cancelled. 
Therefore wo may write. 


mn . N(d) 

& - Did! ' 

In other-words, a periodic sequence can be written as a 
ratio of two polynomials in d. 

A ( 1 ) 

Supoose ko a rational polynomial representing a 

sequence such that A ( d ) and B (d) arc relatively prime. 

We know that there exists an integer e such that B (d) is a 
factor of l~d e i.e. B (&) B r (d) = 1-d'" 


A(d) A(d).B' (d) 

bTcTT = B (dT.B'Ta7 


A r (d) 
l-d e 


Thus ratio of two relativ jly prime polynomials in d 
represent a sequence whose period is equal to exponent of the 
denominator polynomial. 
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.Lxample 2.5 . Represent the sequence 

S a 011110 1011001 0001 11 10 101100 1000111. . . over GF(2) 

2 

by a rational polynomial. Find T(d) = d S (d) and 
verify that T is a delayed version of S by 2' bits. 


Here S(d) = 2 s.d 

i-=0 1 


or 


S (d) 
T(d) 


* 

• 4 


, ,^2 , j 3 , ,4 , ,6 ,8 , ,9 ,12 ,,16 ,17 ,18 ,19 ,21 ,23 
= d+d +d +d +d +d +d +d +d -fd +d +d +d +d 

+d 24 +d 27 +... 

= (dtd 2 +d 3 +d 4 +d 6 +d 8 +d 9 +d 12 ) (l+d 15 +d 30 +. . . ) 
d4*d 2 +d 3 +d 4 +d 6 +d 8 +d 9 +d 12 


15 


d 


1+d+d 


d“ 


1+tf 


.=3 , .4 , 5 , ,6 . ,8 ,10 ,,11,-14 
d -i-d !-d -i-d td +d +d +d 

,15 


1+d+d" l+d J 

T a 00011110101100100011110101.. 
and we see that 


t » t. = t 0 sr 0 

o 1 2 


*■ 1 + 3 ^ S i / i^ 0 / 1 ' 2 ** 


and 



CHAP TER III 

„§HXFT JgGISTER JCIRCU1T3 OVE R GP (?. n ) 

In this chanter. Linear feedback shift register (LFSR) 
circuits over GF <2 n ) are studied* Expressions for the response 
of LFSR circuits are obtained* It is shown that the response 
of the LFSR circuit can be viewed as n binary sequences put row 
by row* Properties of the autonomous response of LFSR circuit 
regarding periods of individual rows, and their relationship to 
the period of vector sequence are studied* In the case of 
maximal length sequence, it is shown that the individual rows 
are shifted versions of the same binary sequence, and the amount 
of shifts is calculated* 

An expression for the total response in terms of the 
input sequence, the initial contents of the shift register and 
the circuit constants is derived* The periods of the output 
sequence are calculated for cases when the input period is 
(i) relatively prime to (ii) integral multiple of, and (lii) 
equal to the autonomous period* 

3 *1 C ircui t Descr iption by State Equation : — 

As has been discussed in Chapter 1, LFSR circuits are 
special class of linear sequential circuits, and such a circuit 
with single input and single output can be described by the 
equations : 
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r ( k+l ) 


; lk) + Su (k) 


3 


Y 0c) 


C + D 


3 •l-*2 


f v) f v) 

is the state vector^ U v and 


where X u is the state vector^ U v and are the input and 

CO 

. oo CO CO 

output respectively, end A, B, C and D are matrices of the 
following form. 


: 1 92 C - 
0 0 


c c 1 

m~l m 


0 0 0 


( mxm) 


( mxl ) 


! c i C 2 C 3 "* C m~1 C n 


m-1 m 


( Ixm) 
(lxl) 


C 2/ a, C m arc called the tap coeff icient s • When the LESR 

circuit is over the field GP(2 n ) with nxl vector elements the 

^ co ro 

elements of A, B, C and D become vectors, and their product is 
obtained by the method giv-'sn in Lemma 2 •! • Equivalently, elements 

co 

ro co co 

of Ar B, C and D can be converted into corresponding nxn matrices, 
and ordinary multiplication operation may be used# The equations 


describing the circuit then become 

x (k+l) _a„x^ + B 


3 #1**3 
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R c.x^^ + d 


3 * 1^4 


where 


C n » ** C - 
-3 =m~l 


3 »l*»5(a) 


=2 ^3 


3#l*6(b) 


T anJ ore umt or<J- zero elem€.>i!s of 0.n<k c«-e u^it" o-nei. muIL matrices ns^ectivel 

Here X is the state vector whose elements are the state variables 


$ 1 / %>/ > • 


and these state variables are elements of GF(2 n ) 


and themselves vectors# A, B, C and D are matrices of the form 

described earlier, but their elements are men matrices 

representing elements of GF(2 n ) and therefore are the powers of 

(k) (k) 

the companion matrix M * U and Y denote the input and 
output sequences of n-tuples respectively* 

For the case of GF(2 n ) which is considered in this chapter, 
the polynomial q(x) has coefficients from GF( 2) and therefore 
becomes 


r \ „ , , 2 , n~l , n 

qfx; = 1+q-^x + q 2 x +*»»+ q^-^x + x 


3 *1*»6 
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and for the companion matrti given by Bq» 2.2-11 = 1 and. 

q ± e GF(2) . 

The LFSR circuit over GF(2 n ) is shown in Fig* 3*1* 


Exa mple 3*1 " Find the LFSR circuit whose tap coefficients are 



"o' 


' 1 


h' 


r - -4 
1 

£l = 

1 

. 0 , 

* - 

1 

L°j 

? c 3 = 

i 

1 

1 I 

* H — 

' ~4 “ 

1 

0 

■ i ! 

L J 


3 

and q(x) = 1 t-x+x 


The companion matrix corresponding to q(x) is 


M 


0 0 1 
10 1 
0 10 


The given vectors are converted into corresponding matrices 
using 2 *2 -*16, giving 

1 0 f 

111/ 

Oil 



“l 

1 

1 

p- 

1 

o' 

c = 

1 

0 

0 

/ C = 10 

0 

1 

“3 

.1 

1 

0 

"t 

—A 1 

} 1 

tu. 

0 

0. 


The LFSR circuit is of the type shown in Fig® 3*1 with 

C . C , C , C given above and m = 4 * 

=1' “3* ~4 


0 

0 

1 


1 

0 

1 

/ c a 




=2 

0 

1 

0 



3 *2 Respo nse of LF SR Circuits : In this section, we derive 

an expression for the total response (output sequence) of the 
circuit shown in Fig» 3*1* The LFSR circuit is described by 



F-2 



Jx — ll 
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equations 3 *1~ 3 and 3*1-4 where X is the state vector representing 


the states X]_ Xp_ 


» •* Xji in a rod vector form/ and the individual 

r (k) v (k) v (k) 


states are themselves nxl vectors* The states X^ - - -^ ra 

at instants k = 1/2, 3/** • can be obtained by putting k = 1/2,3,/ * * * 
and can be written simultaneously in vector form as 

etc* Therefore from eqn * 3 ’1—3/ 

(l) 


ro 

■v 


( 1 ) ~ ( 2 ) ~ ( 3) 

/ £ / £ 


-/V 


« ( o) ^ (o ) 

A # X. 4* B * tr 


ro 

■v 

./y 


(2) 


= A 


; (1) + B u (l) 


<o 

-*v 


(i) 




A »X + g U' 

*>» ^ ( o) )«'*(?) 

Therefore the state sequence X = X ,X ,X ‘ * - » can be 

written in polynomial form using 2*3-1 as 

~(0) ~(l), , %(.?.) ,2 -(3) , I ^ 

X\.Qy = 4- X a + X Cl 4- yy »& -r * • »-r * * **r * * * 


x (o) +[|.X (0) + B u (0) ] a 


or 


ro 

■ ro co 


+ C1*I (1) + B a 




+ Cl-S*' 25 + B.u^ 2 ^] d 3 


4 - 9 # « 4 * * *• * 4 * * » ■# 


<o 

v( 

-M 


(d) = X^° J + [A X(d) + 1 U(d)] d 3*2-1 

(0) + a. TT (?-)^ 2 

of the input sequence ]i = »** an d similarly X^^ 


where u(d) = 4 * U d 4 u 4 d" 4 - *** 4 - * * * is the d*** transform 


is d- transform of state sequence X 
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Eqn. 3*2-1 can be written as 

x(a) + a x(a) *d = x (0) + |.u(d) »d 

or X(d)'[l + A d| =[x^ 0 ^ + |*U(d) ’d] 

or X(d) = [ I + A d]” 1 . [X^ + B*U(d)d] 3*2-2 

where I is a unit matrix of size mnxmn such that X X(d) = XI d) 
and it will be shown later that the above inverse exists - 

The elements of the output sequence can similarly be obtained 
by putting k = 0,1,2, »»■* in cqn» 3*1-2 and therefore the 
d— transform of the outuut sequence Y becomes 

Y(d) rr C X(d) •!- D U(d) aid use of 3*2—2 yields 

Y(d) = c.[ f+A d]" 1 . [x (0) +!*U(d)d] D U(d) 3*2-3 


This is the expression for the cutout sequence in terms of the 
input sequence, initial conditions, and circuit constants which 

ro 

co fo ro 

are determined by the matrices A b C and D* Now we shall study 

co ^ 0 ) 

various cases for various choices of U(d) and X * 

3 *3 A uto nomous Respon se : The autonomous response of a LFSR 
circuit is defined as the response of the circuit to the input 
0 0 0 ... . In other words, the input is absent, and the output 
sequence depends upon the contents of the delays only* 


Mathematically tJ(d) =0 and eqn * 3*2—3 becomes* 


C*0 -.CO CO ^ P 

A Y(d) » C [ I + Ad] 


^(o) 

a j\. 


3*3-1 
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If Y is the autonomous response of a LFSR circuit then 
we say that the LFSR circuit generates Y. 

3 =>3— 1 Expression for Autonomous. Respo nse s The expression for 

the d- transform, of output sequence involves the inverse of the 

CO ^ 

mnxmn matrix [ I t Ad] » VJe shall derive a simplified expression 
for Y(d) and will show -that Y(d)‘ can be written as 
Y(d) [c(d)] ^.PCd), where C(d) is a nxn matrix and P(d) is 

a nxl vector of binary polynomials# 

Since 
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Where C(d) r-- I + C d + C d 2 + » , * + • .» + C d m 3-3-2 

“ = “1 =2 =m 

£ » ^ 

is equal to the determinant of the matrix [i+Ad] and is defined'' 
as the connection polynomial, or the feedback polynomial of the 
LFSR circuit » ‘ ’• 

CO ~ ) 

Multiplication Of C with[_I -!- AdJ yields 


; r^.r 1 r 1 « ,i-l ™ „ ,i-2 _ ,i~3 i r> 

Q’Li+4 d J - L 2 c.d E Cd E c.d * * * S c.d c 


i=l x 


i=2 ~ x 


i=m-l‘ 


*[c(d)] ~ 1 


3 *3—3 


Therefore eqn - 3*3-1 becomes 


Y(d) « C [ I + Ad]" 1 X (0 ' 


[C(d)]™ 1 [ E C.d 1 '' 1 E C.d 1 ~ 2 »»* E C t d 1 '' m "*" 1 C ] * | 
i«l 1 i=*2 1 


Jo) 


JO) 


[C(d )]” 1 [_ C i ^ 0 ) +C^ 0 ) +C 3 X^ 0 > +.»*+***+C ir X^ 0) 




, (r ,r(0) 

" r — 3“-l ' 


»-*“ ♦ * X ) <3. 
=rrr m ~ 2 


-i- * * p 


+C x ( '°' ) d^ 1 
“nf" 1 


m-1 m-j (n) in 

Y(d) = [c(d)j 1 [ E £ g , , * X . * d J ] 

~ - j=0 i=l 1+ 3 


3*3-4 


is defined in Appendix A* 
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Therefore the output sequence Y is given in terras of its 
d— transform by 



Y(d) = [ C ( d ) j P(d) 

3*3-5 

where 

m-1 rn- j , , , 

P(d) = E EC X v 'd J 

3 *3-6 


and 


j=0 i=l ”i+3 x 
c(d) is given by 3 • 3-2 


Sometimes the cutout Y* is drawn from the last stage* In 

co 

this case the matrices C and D are modified as 

C - [<P <P ,,, | I] and D = g> 

Therefore 

Y # (d) = C-[f + Ad] • 


rtv^*jL 

= [c(d)]7 1 [ IcP~ 1 ( I+C d)d m ” 2 (I+C diC d 2 ) d m ”3. a i + C d x ] 

1 “I 2 i=i i 


v (o) 

e. 

s' 05 


x (0) 

— m 


[c(d)]~ 1 [x^+CC X^°bd + 

- J L ~~m ~i~m 


+ ( CY *X +C *X tX „ ) d *+ « * •»-!-» > » ( E C X . , -KX. ) d 1 
— ^ — m = d ~-m— X ~m— x“i+i —x J 


r ITKL J fnl i 

= c(d) *[ E EC X^.d 3 ] , C 
j-0 i=0 ~j~i m ~ 1 

or Y^Cd) = [ C(d)J "*'oP / (d) 


o 


m~l j / _ \ . 

where P'(d) - E E C X . » d, C 
i =0 i— 0 


3-3-7 

3*3-8 


o 
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f- xan Ue 3 *2 ; Find the autonomous response of a 3 stage LFSR 

2 

circuit over Gi ( 2 ) given 


-i - [i j ' £2 - [1 


-3 “ 0 


i q( x) = 1+x-f-x V 


F°] - x (0) - I 1 ] . x (0) f° 

1 I ' ^2 - 0 ' 2 3 = o 


x (0) 

*1 


Here companion matrix corresponding to q(x) is 


0 1 
1 1 


, _ 0 1 

=1 " ,1 1 


1 1 
1 0 


1 0 
0 1 


•3-1 3~j 


(d) = E E C using 3« 3— t 

j —0 i=l = ±-i-j 


0 I 0 , , 0 .2 

0 + 0 1 d -r 1 d 



c(d) 


1 + c d + C d 2 -l- C d 3 using 3*3-2 
= =1 =2 =3 

1 + d 2 +d 3 d-fd 2 ] 


1+d+d' 


••• [0(d)] 


, x 1-fd+d 3 d+d 2 , 

= ?3* — T 

t d+d 1+d d _ 1 +d+d J +d +d 


Y(d) = [C(d)] .P(d) 


1 +d-hd ' 


l+d +d d' 1 +d+a +d +d 


d 3 +d 4 


2 4 5 l+d+d J +d 4-d 

d +d +d -L+a.a +a +a 



48 


( d^+d " ) ( l+d-fd^-rd^+d^+d^ ) 

_( d *+d +d ) ( 1 4d.-hd " td +d -F-d ),, 


1 


1+d 


12 


,3, .6, .7, ,10 
d +d +d +d 

o n 6 11 

d^+d -hd +d 


1 



Output sequence Y = Y(d)*6 


. 000100110010 ? 
* 001 1001 00001 J 


with oeriod 12 


Similarly using 3 *3"7, P(d) 
and Y 7 ( d) = [ C( d)] ~ 1 .P( d) 


|d 

[0 


d-hd 6 +d 9 +d 10 

d 2 +d 5 +d 6 +d 9 



using 


3 <t3”8 


The sequence drawn from the last stage is 


Y/ 


Y 7 ( d) • 6 


010000100110 , 
1 001 0011 001 OO 1 


with period 12 « 


And we can verify that Y 7 is same as Y delayed by m = 3 bits • 

3 «3— 2 Pr operties of Autonomous Re s ponse : We have seen that 
the sequence of binary nxl vectors can be viewed as n binary 
sequences put row by row, so that the vector formed by talcing 
]c th element of these sequences becomes the k"^ element of the 
vector sequence for al.l 1c > 0 » 

In this section^ we show that those row sequences are 
periodic, and the period of vector sequence is equal to the 
LCM of the periods of individual rows * Also the vector sequence 
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can be g .in orated by an equivalent mn stage binary LFSR circuit* 
This r suit can be put as th. • fol loving lemma* 


L em ma 3 «1 : The vector seruonce generated by a m stage LFSR, circuit 
over GF ( 2 n ) can bo viewed as n binary sequences put row by row- 
such tin at/ 

( i) the row sequences are periodic 

(ii) all row sequences can bo generated by the same 
equivalent ran stage LF5R circuit over GP(2) 

( iii) the period of vector sequence is equal to the LCM 
of periods of row sequences * 

P ro of - Consider a m stage LFSR circuit on GF(?. n ) whose connection 
polynomial C(d) is given by 3>3-2 * Since the coefficients of 
C(d) are nxn binary matrices/ we can write 


C, - [ where 1 * k » 1 , 2 , 


•* * / n j 


1/ 2 1 * » * f m 


^ is the k l *""* 1 element of the i *'* 1 coefficient of c(d) 
kl 


Thoirefore C(d) = 


1 

O 

o 

» 

* 

o 

1 


c (l) 

C 11 

c (l) 

c 12 

(l) 

C 13 **' 

Jl) 

C ln 

0 

1 0 9 9*0 


(1) 

(1) 

(l) 

(1) 

9 

9 9 7 9 0 » 3 

+ 

i 

C 21 

C 2 2 

C 2 3 * * * 

°2n 

• 

*> 

0 

•> « 9 SI 9 # «f 

9 9 9 9''*# 9 

0 0 <* > 9 1 

ji) 

c <i> 

_(1> 

C ^ 9 .» # 

c (l) 


r/ \ * 


nl 

n2 

/ ... n 

n3 

nn 

■*** 



(m) 

(m) 

(m) 


C 11 

12 

* ,B C m 


( m) 

( m) 

( m) 


C 2 1 
* 

C 2 2 



Jl 

1 ( m) 

( m) 

_( m): 


c nl 

c n2 

C nn J 


, d J 


m 


| | jf 
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m 


1+ E c^d a 
1=1 L± 


ra 


L 


i=i 21 


1=1 nl 


Therefore C(d) = 


m , , ^ . 

E c^d 1 
i=l 

» O Si 

m / . x , 

~ _ ( x) -.1 
2 a 

i=i in 

m (i) i 
i+ s c;J ; d 

i=l x 

♦ o ■» 

” ( i) , i 

1=1 2 n 

» « $ 

■> > *» 

4* <* ** 

*> ' V 

a -•* -t 

!>{»<* 

111 f ■ 

„ ( x; _i 

2 c ^2 d 
i=l ~ J J 

* ^ 4 

m (i) 

1+2 c nn d 

X~1 

°ll (a) =12 

(d) 

• - o ln (d) 

c 21 (d> c 2 2 
» 

(d) 

* 

•" c 2n (d) 

> 

c nl (d) c n 2 

/a 

(d) 

”• c nn ( a) 


m 


( D J- 


whore c..(d) = E c ir d i /6 j 


1=1 1J 
r 

(^=1 


c ±i^ ^ = 14- L c, . d / i/j =s l,2 / fl»* / n 


P(d) 


P! ( d) 
p 2 (d) 


3 *3~9 


where p ± ( d) = p^+pj ^d+p^ l) d 2 +, - .p^d 31 ^ 1 . 


n 


(d) 


VA I Js=/^ 

1 / 2 / » • * , n 


end Pj^^ is the 1 th row of the coefficient of 


d- 1 in the polynomial P(d) given by 3 *3-' 6 
The inverse of the matrix C(d) can be obtained using ordinary 
matrix inversion procedure. Thus 
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[£(<*)] 


e ll (a) 


c ln (a) 



Cp ^ ( d ) 

> 

** 

* 

c 2n (a> 

<•> 

* nTST = S /(a) 

* my 

* 

c nl (a) 

a 

c n2 (d) *" 

c' (d) 
nn 

; 

3 a 3-10 


where c^.(d) is the cofactor of c..(d) in 3»3*-'3 and is a binary 

XJ J 1 

polynomial with degree less than m(n~l) and 


N(d) ss Det*[(c(d)] and deg [w(d)j < mn * 
Therefore eqn* 3*3-5 can bo written as 


C'*See A^-oendix A ) 



c Ll( a) 

c' ? (d) 

» * * c:f ( d ) 
In 


Pl (d) 

Y(d) = 

°21 <d) 

# 

at 

C 2 2 ^ a ) 

... c' r .(dj 


p 2 (d) 

« 

<* 


fnl (a) 

C i2 (d) 

"* c nn (a ^_ 

■ 

_ p n (d) 


# NTdl 


f l ( d) 

f 2 ( d ) 


f (d) 
n 


1 

NTdT 


which can also be written as 



f 1 (d)/N(d) 


•R^ (d) 

Y(d) ~ 

f 2 (d)/N(d) 

* 

= 

: Rg (d) 

at 

q 

2 

* 

f_(d)/N(d) 

5- 11 — 

! 

« 

i\j(d) 
— 1 * 


fj_(d) f d) 

where R^d) = = nTId)* • 




n , 


3 *3-11 


3 »3~*12 


. ,3-3-13 



such that f^[(d) and N^(d) are relatively prime* 

We see that rows of the sequence Y are represented by ratio of 
two binary polynomials and therefore are binary sequence with 

period equal to exponent of the denominator polynomial* Thus 
first part of Lemma is proved * 

The denominator of each polynomial R^(d) is the same binary 
polynomial N(d) with degree mn * Therefore the sequences 
represented by these polynomials can be generated by a binary 
LFSR circuit whose connection polynomial is N(d) and therefore it 
will be a mn stage LFSR circuit. Hence second part is proved* 
Equation 3*3-12 can be written with the help of 3*3—13 as 


R x (d) 


- 

f((d)/Ni(d) 

R ? (d) 

♦ 


f£(d)/N ? (d) 

* 

m 

♦ 

;v a> „ 


* 

_ f n (d) / N n (d) 


And since N^(d), N 2 (d) * * * N n (d) are all factors of N(d), therefore 
N(d) = LCM [ N, ( d) , N 2 (d) .*• N (d)] 

Exp ^ N(d)j — LCM [Exp ( d)J, Exp {n 2 (d)} . . * Exp^Cd)}] 

And since Exp | n^( d)j represents the period of R^, i*e. the period 
of sequence given by R^Cd), we conclude that 

Period of Y = LCM [period of R-^, Period of R 2# >** 

» > * Period of R 1 

n J 


Thus third part of the ' Lemma is proved * 
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3_»J3~3_ S^ey^ences : 

In this section we find the LFSR circuit which can generate 
maximal sequences and study the prooerties of maximal sequences, 
which are already developed for a general soon once in proceeding 
section* First we give the definition of maximal sequence* 

A sequence S of elements from GF(q) is said 'to be maximal 
if it is periodic with period q lfl ~l, in is an integer, and each 
element of the sequence S - s 0 s^S 2 S^*»» can be written as a 
linear combination of past rn elements only, with coefficients 
from GF( q) i.e * 
m 

s . = E s, .q. j - m,m+l, *»* and q. e GF(q) » 

J i=l 

Alternately, if S can be generated, by a m stage LFSR circuit 
over GF(q) and has period q m -*l, it is maximal * 

For the present case, q - 2 n and therefore the maximal 
seen once s have period (2 n ) ra -l * 

-Regarding the properties of maximal sequences, and the 
circuits which can generate them, we con struct the following 
lemmas » 

Lem ma 3 *2 s The connection polynomial of LFSR circuit which can 
generate a maximal sequence over GF(2 n ) is a primitive polynomial 
over GF(2 n ) * 

L emma 3»3 [a] ; The rows of a maximal sequence- over GFC2 n ) are 
shifted versions of a binary maximal sequence x^hich can be 



with N(d) as 


generated by a mn stage LFSR circuit over GF ( 2 ) , 
its connection polynomial » 

[ b] • The numbers of bits by which tlx, rows of a vector maximal 
squcnce arc shifted frora the first row are integral mult±pl> s 
of a numb o' r j3 given by 


2^1 
3 = •“ - ■ 

2 -I 


,2 


Lemma J_ «4i If A(d) - I A^d 4- A ^ d^-i- * ■» * +A^ d m is a primitive 

polynomial over GP(2 n ) and B(d) — I + »*+A^/^d m is 

another polynomial then B(d) is also primitive, and the amounts 
of shifts for the sequence generated by a LPSR circuit with 
B(d) as its connection polynomial ar>.- double of the amounts of 
respective shifts for the sequence generated by a LPSR circuit 
whose connection polynomial is A( d) , and the row sequences in 
both cases are shifted versions of the same binary sequence# 


P roo f of L emma 3 «2 s 

The d- transform of the autonomous response of a n>- stage 
LPSR circuit over GP(2 n ) is given, using Eq* 3*3~11 by 

Y(d) = c f (d ) *J?(d) . 

Therefore period of I - Exp » [w(d)j 

And since Y is given to be maximal, its period is 2 nm ~l 

i#e* Exp [ N(d)] « 2 nm ~l 

Therefore* Exp [g(d)j = 2 nm —l 

■ = (2 n ) m ~l 

See Appendix B 



Since c(d) is polynomial of degree m over Gf(2 n ), and 
has exponent (2 n ) m -l, from the definition of primitive polynomial 
we conclude that g(d) is a primitive polynomial over GP(2 n ) 

Proved 

Proof of Lemma 3 > ? [a] ; 

-j— l'"* 

Recalling Eqs » 3-3-11, 3*3-12 and 3*3-13, the i row of 

the sequence Y is given bv 

f ± (d) 

R ± (d) , i = 1,2, -*-,n 

where f^(d) is relatively prime to N(d) since M(d) is primitive* 
Also Exp [n(c1)J =: 2 nm — l = Period of R^* Therefore is a 
max imal s equ on c o * 


Since all the rows It of the sequence Y are represented by 
ratios of two polynomials in d such that they have same • «. 
denominators, we conclude from the properties of maximal 
sequences that each row R^ is a shifted version of the same 
sequence given by, 


fnCd) F.,(d) 

^(d) = NTdT“ = Tnm “ 3*3-14 

1+d ” X 

And R^(d) can be generated by a LFSR circuit whose connection 
polynomial is N(d) and therefore number of stages is equal to 
degree of N(d) which is mn 

Proved 

P roof of Lemma 3*3 [ b] ; 

Since all rows of the sequence Y are shifted versions of 

(k) 

the first row R^, the elements of the row sequences R^ can be 
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written as 


( V ) ( k~j3 ,* ) 

R i ^ ^ 


i 2 / 3 / ->,« y n for all k 


where 3 j_ is th rt amount of shift for i ^* 1 row« Sq -» 3 » 3 < 


r(k) 


'l. 


R, 


R 


00 

1 

(k) 

’2 

(k) 

3 


R 


(k) 

n 


"i 


(k) 


(k~j3~) 


R. 


1 

( 

R 1 


(k~ 0 3 ) 


•Oc-0 n ) 


R, 


for all k 


In absence of input., Eg- 3 « 1~3 can be written as 


?r(k+l) £ ~ 00 


or 


-X k+l) 

% 


r(k) 


=1 ''I 


,0k) 


■2 “2 


~m 


and 

Therefore 


y (k+l) . r (k) 

— X —X'-'l 


i — 2 , 3 / » ■» > , m 


v (k+l) _ v (k) vr(k~l) ,„( k-2 ) 

*L ” Sjfis. + S^i + S 3 ^ 


4 ' • s* * 4 * ** * 4-0 X_ 
«rrnL 


(3o 


or 


v ( Ic-fl ) 

4 


m 

£ 

i=l 


s Z± a h 


( k— i-rl ) 


Eq * 3 * 1-4 gives 


Y (k) = s x (k) 


e 'v-00 v ( k ) 

=l~i ~ 2~ 2 =ixr-m 

,r(k+l) 

-I 


12 becomes 


3 # 3—15 


x ( k) 

•m 

3-3-16 


ITH-1 ) 


3 - 3-17 


using 3 # 3-16 » 
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Therefore Eg* 3*3-17 cm be written in terms of Y as 

Y^ = £ G .y^c-±) 

i=l 


3 -3-18 


The tap coefficients _C/s are matrices corresponding to 


elements of GP(2 n ) and are therefore some power of the companion 


e. 

l 


macrix K* Writing C m = M , and using Eg* 2*2-16 and 3*3-15 / 
Eg » 3*3-18 can be written as 


Y 


(k) ^ „., G i , r (k~i) 


rn e . 

= 2 M 1 Y' 

i=l 


m e . e . ~ e . _ e . 

£ fa 1 H«a 1 vf >a 1 ^ * iyi -a x ] 

i=l " 


*(k— 0 -i) 

\ n 


m n . \ e. (k-p^-i) 0 e 

m (^i) e i (k-P 2 -xk, ~ a.r, 3 ,„-2 „ i 


*1 

(; 

*i 

( 

*1 


(k-i) 


(k-3 ? -i) 
(k-p^-i) 


£ [b£ 

i-1 x 


a 


+R L 


'M-a 

(k-8 n -i) 


j 1 «CC -f- * it it + * » ♦+ » * * + 


+ Rn 


r* n '' 1 *a i ] 


m 

E 

i=l 


r (k-i) (k-p 2 "i) 2 

[ X +11 4-M +*•*+»*# + * » * + 




n— 1 

+ M 


] ' s 


'i 


Using only first two columns of the matrices 1/ M, M", we 
can write 



(k-i) 




0 . . . . 

1 .. , . 

0 i « « * 


0 * , * , 


0 * • 4 * 

0 * * • « 


(k-i) 


R (k-i) n 

* ■* « • 

0 R 

^ rN - ^ * t * * 


* R (k-(;>2~i)_ 1 


(k— ji 0 ~i) 0 


R (k-p 2 -i) « . . 

i » 


0 . . . 


9 (k-!5 -i) (k-p^-i) 

Similarly wo can write 3 / M J R^ '■ » . 


and finally 


^i-1r Oc-p n ~i) , 


0 1 . . . 

0 q v .. 


(k-P‘ -i) 0 


1 %-!* 


Therefore Y v v can be written as. 


i) 0 Ck-tf 1 — i) 

... M n “ 2 Rl *~ 1 


j(k-p -i) 


q l R l * * ’ 


(k-p -i) 


g 2 Rl 


(k-B -i) (k~P -i) 
•1 n V-fl n 


,{k-l) 

‘I 

(k-P^-i) 


R (k-P 3 -i) 


D (k-P -i) 

R-^ n 

(k-i) (k-P -i) 

R i n 

E (k-P 2 -l) +q2R 0c-P n -i) 


Oc-p -i) 

n 


(k-p n -i) 

n-l 


(k-P -i) 


+q n-l R l 


Using Eq. 3.3-15/ tho above vector equation can be splitted 
into n rows giving. 


R 


(k) 


nr / , -> (k-P -i) 

E [ R k " 1 R n n 
i=l 1 


e i 


V 1 


R 


(k-P . ) 

1 


m (k-P„~i) (k— i) (k-P -i) 

. S i R 1 R 1 ^ q l R l 

i=l 


(k-P .) m 


(k~P ,-i) (k~P . .,-i) 


R, 


E [ R 


J R, - 3 '“ 1 


i=l 


+c lj_l R l 


] a 

e. 

... ] a 1 

e. 

(k-P -i)Ja 1 / j=3,^,...n 


th 


The above n equations ar^ representing k element of the 
row sequences of Y for all values of k. Therefore replacing 
k by k-l-Pj in above equations, we get. 


/, > m. /. . % (k~P -i) 

(k) _ r. r -r. tk— i ) „ n 

i=l 


e. 


R r - a h 


/.'i m /. (k+P 0 -i) (k+P~-P ~i) 

R< k) = _E [Rp- l) Rl 2 +q 1 R 1 2 n 


...la 1 [unchan- 
ged] 

...]a 0i 


R< k > = “ [R 

1 i«l 


/. . \ (k+P ,-P . . ~i) (k+P.-P -i) 

(k - l) R 2 J' 1 +q J _ 1 R 1 J n 


e, 


•*•] « 1 1=3,4,. 


3 .3-19 


The above equations are representing tho elements of 

the same sequence R^ Since we have not put any constraint 

i i 

upon cr ' s , these equations are valid for all a and 

therefore respective columns of all of the equations 3.3-19 

must be equal independently. We sec that first columns 

are the seme. Equating second columns, we got 
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(k-P -i) (k+P' -i) 

R i = R i 2 

+ 

(k+P 0 -P -i) 

q l R l 

(k+P ~P ~i) 

* R 1 2 

+ 

(k+P -P -i) 

rr R 3 n 

q 2 R l 

S3 

+ 

t • * 


R 


(k+P . -P ~i) 

(k+P n-I |3 n-3- i,+ ° n 


R (k+P n- P n-l- i) a (k ' 1) 

= R 1 %i-l R l 


Eg. 3. 3-20 (l) gives 


(k-P J 


(k+P ) 


R, 


R 


n , D t 

1 + q x E i 


(k) 


3,3-20(1) 


3 .3-20(2) 


3.3-20 (n-2) 


3 .3-20 (n-1) 


3 .3-21(1) 


Eq. 3.3-20(2) gives 

(k-P ) (k+P -P ) / ^ 

3 = R x n 2 + q 2 R Ck) 

which, with the help of 3 » 3-2 1(1), becomes, 

(k-:-P ) 


R 




(k+P J rP ) 

= (Rg n n + q 1 R 1 n ) + q 0 R 


(k) 
2*'l 


(k-PJ 


(k+2p ) 


or R, 


= R-, 


n 


(k+P ). 

n 


+ q l R l + q 2 R l 


(k) 


Eq. 3.3-20(3) gives 

(k+P -P ) 


R 


(k-P 4 ) 


R. 


n 3 


+ q 3 R£ 


(k) 


3.3-21(2) 


which, with the help of 3,3-21(2) becomes 
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R 


(k-PJ (k+2P +P ) (k-:-P +P ) (k+P ) 

3. 4 " < R ! n n + q 1 S 1 n n + q„R, n > + q,R 


2 1 


(k) 
3*1 


or R, 


(k-P J (k+3 P ) 


4’ _ 


R. 


(k+2P ) 

+ <Jl R 1 + <J 2 R ! 


(k+P ) , * 

11 * *3*“ 


3 43 - 21(3 ) 


In a similar manner, we proceed to calculate 

(k-P .) 

R-, / j=5,6,7...n and end up with 


(k-P ) 


R, 


n 


(k+ (n-l)P ) (k+(n-2) P ) 

R^ + +••*+•*«+ 

(k+P ) 

n 


q n-2 R l “ + %-l R l 


(k) 


or R 


(k) 

1 


(k~nP ) 


(k~ (n-2) P ) 


(k-(n-l)P ) 

R x n * %-l R l " + ^-2 R 1 


J c • * J r 0 . + 


(k-2P ) (k-P ) 

^2 R 1 n + ^1 R 1 n 


The sequence R^, whose elements are given by the above 
equation, can be written in terms of a polynomial in d 
[see sec. 2*3] as , 

nP (n-l)P 

R x (d) = R x (d) d n + q n< _ 1 R 1 (d)d n +..-i-..+ 


P 2P 

[ gi d n + q 2 d q n _ 1 d 


2? P 

q 2 R 1 (d)d n +q 1 R 1 (d)d n 

(n~l)P nP 

n + d n ]R 1 (d) 


or R^(d) 


1+q^d n +q 2 d J " t + . . + , ,+q^ ^d “+ d 


h(d) 


n 


TE3DP ST 3 - 3 - 22 
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O IT 


R x (d) 


h(d) 

T " 

q(d n ) 


3 * 3-23 


where h(d) is 

p,_ 

nQ n md q(d n 
Since q(d) is 


some binary polynomial in d with degree less than 

P 

) is defined by replacing x by d n in 3q, 3»l-6» 
o primitive polynomial of degree n , we have 


Exp [q(d)] = 2 n -l 

JB 

therefore* Exp [q(d n )] (2 n -l)iQ n 
Sq • 3*3- 2 3 can bo written as 


1*3. (a) “ 


h(d) 



> 

1 


h'(d) 

( 2 n -l ) p 

+ a n 


3 *3 -24 


From Eg * 3*3-14 

the period (2 n - 

„ _nm _ . 

of 2 —1 i»e* 


we Icnow that period 
1 )p n given by 3.2-24 


n m 

of R x is 2 -1-7 Therefore 

must be an integral multiple 


3 n (? n ~l) * K. (2 nrn -l) 

2 nm _l n 

or p = K - K = 1,9., * . ■ , 2—1 

2-1 

From Eq» 3 -3-20, all p . , j « 2,3, ->..,n-l can be calculated in 
terms of p n * Vie conclude that the amounts of shifts p^, $ 2 ' * ' ’/& n 
are integral rnultiole of the number p given by 

9 ngi . 

p = - - --- 3-3-25 

2—1 




See Appendix C 


for proof- 


P roved 
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Example 3a3 i Find the amounts of shifts of the rows of the 

sequence generated by the primitive polynomial 1+ad+ad where 

is element of GF ( 2 3 ) an d q(x) = 1-i-x -I- x 3 » Verify that 
they are integral multiples of p given by 3-3-25. 


r o n 


a = 



001 


0 0 1 “ 

Here M r= 

1 0 q 1 

= 

101 


_° 1 q 2 

r 

O 1 

H 

O 


a ~ =*£ ly a] 


M 


C(d) 


+ 'id + M d * = 


d+d 
0 


2 


0 

1 


d+d 


d+d 


d+d 
1 


2 


Cc(d)] 


2 4 a 4 

1+d +d d+d 


d+d 


2 


2 


d.+d 

d 2 +d 


2 A , , .2 

U-rl dfC 


d+d 

1 


l+d 2 +d 3 +d+d 6 


We see that N(i - 1+d ‘+d' 3 +c'"+d 0 is a primitive polynomial and 


2 . 


therefore 1 + :d - 1 - ad ' is also 


Y(d) -= [ C( d ] -P(d) 


l+d 2 +d 4 

,2 t ,4 
d +d 

d+d 2 

I 

"l* 

d+d 2 

d 2 +d 4 

1 

d+d 2 

d+d 4 

1 

•1 

i i 

0 

0^ 


l+d 2 +d 3 +cP+a 


assuming initial contents such that P(d) = 1* 


or 


Y(d) 


2 4 

1+d^+d 


. .2 

d+c 


2 4 

d+d 


~ -tt; . -t~: '""U - V**' 

1+d+d+d +d 


which gives 
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Y= Y(d) «6 


1 1 

0 

1 

1 

0001 

0 0 1 

0 

0 

0 0 

1 

1 

1 

0 

0 

0 

0 

1 0 

0 

0 

0 

0101 

111 

1 

1 

0 0 

1 

0 

1 

0 

1 

0 

0 

0 0 

1 

0 

0 

0011 

100 

0 

0 

0 1 

0 

1 

1 

1 

1 

1 

1 

iat 

P ‘2 

- 

4 

- and p 3 

S= 54 9 











•3 , V 

2 s 

r 

■) 

? mn_^ 

~ Vn V ’ 

2 3 ^ 

= 

= 

63 
" 7 

= 

9 







and therefore s -nd ,0g arc integral multiples of p . 

Proo f of Lemma 3 *4 

First we define the square roots of the elements of GP(2 n ) » 
Since elements of 2P(2 n ) in matrix form are powers of the companion 
matrix H, wo may write 

e . 


A = M 
=1 = 


where is some integer « 


Th on wo do f in e 


y* = M °V2 


A 

~± 


K 


e ± -f 2 n — 1 


= even 


= odd o 


Thus square roots of Qlt-rftents of GF(2 n ) are also elements of Gu(2 ) 

Using 3.3-10/ the autonomous re soon se ^ of a LFSR circuit whose 
connection pol^momial is A d) is given by 


: s a 


[A' (d)] « * N ( d7 


A' (d) 

A^ x (d) 

> 

9 

Af.(d) 

4.» (d) 

... a£^( d) ; 

„ . . Ai (d) 
2n 

~P ^ ( d ) • 

1 

dp 

np 

♦ 

nT3T 

A' (d) 
nl 

A i2 (d) 

1 

A' (d) i 
nn * 

j 

i 

-3 *3—26 
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wh^ro P^Cd) is the polynomial corresponding to initial contents. 
Now the second polynomial B(<l) obtained by tabling square roots 
of coeffici. nts of A(d) can bo written as 


3(d) = I + A ] -/2 cl + AV 2 d 2 AV2 d m 


“2 


-m 


or 


[ s(a)J 2 = [ i + i/ 2 a a 1 /^ 2 a^2 

_1 _2 =m 


r~->2 

L 


Z ] 2 + [ A^ 2 d] 2 + [ A^d 2 ] 2 -|- * , »-!• . , .+ [ AV 2 d m ] 2 


-m 


= 1 + A d 2 + A d 4 ' + - + , • . A d 2m 

= =1 ~2 =m 

= |(d 2 ) 

Therefore B(d) =1 A(d 2 )]^ 2 


and the sequence generated by the LF3R circuit whose connection 
polynomial is g(d) is given by 


S b (d) = [ B(d)]" 1 -v P 2 ’d) 

= [A(d 2 )] '" 1//2 - PjjCd) 


= [A(d 2 )]^ 1 . [ A,d 2 )] 1/2 .P 2 (d), 


A^ 1 (d 2 ) 

A; 2 (d 2 } 

A ln (d2) 

A'i ( d 2 ) 


... A^(d 2 ) 

* 

9 

* 

0 

» 

7 

a 

<* 

* 

A' (d 2 ) 
nl 

A n2 ( d ‘ ^ 

A nn (d?) 


P£( d) * 


1 

NTdT 


3 -3-27 


P'(d) = [ACd 2 )] 1 ^^' *Pj(d)/N(d) is a polynomial in d» 


where 
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Since det [3(d)] - det [A(d' : )] 1/2 = [N(d 2 )j 1/2 » N(d), we 

conclude th*t the denomin rtor of 393-27 is 15(d) only i»e* 

2-2 is a Polynomial with denominator 1 » Thus rows of S a and 
S b are shifted version of same sequence since the denominators 
in both cases are N(d) » Since the effect of the iniuial contents 
is to introduce a shift jm the vector sequence, and the sequence 
length and amounts of shifts of individual rows are independent 
of P(d), w n can choose P_ (d) and PgCd) different such that 


P x ( d ) = £2 ( d) 


Therefore 2q v s . 3*3-26 and 3 >3—27 can be written as 



f t (d) 

< 

f i(ah 


f ? (d) 

‘ kTST ; -b (d) = 

f 2 (a 2 ) 

» 

<* 


A (a) . 


£(ah ' 

lw -*«P 


If S is written as 

— a. 


q (k) 

O 


whi 


r£> 

(k-p 9 ) 

% 

(k~pj 

[h 

then since numerators of polynomials representing rows of £ b are 
squares of the numerators of polynomials representing rows of 
S_ , 


we can write. 
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q (k) 

--b 



(k~2p_) 

\ 


(k~?.0 ) 

R, J 


1 


I 


i 


R 1 


Thus the amounts of shifts are doubled* 

h/(d) 

The Equation 3»r--24 for this cose becomes R (d) = , 

^ 2£(2 n ~l) 

1+d 

where is the row of • 

Similarly/ we can keep on taking square roots of 
coefficients and find the corresponding sequences generated by 
m 1/2 J , 

X + S A. d , j = 1/2/ . .. , n~l » If s are the amounts of 
x-1 

shifts for A(d) and (2 n -l)o^ is the exponent of the denominator 
of t'^e polynomial represent ing the row of the sequence then 
for the other cases we get the following results ; 

i 

expon en ts 

r, n (2 n -i) 

2j3 n (2 n -l) 

4 P n (2 n ~l) 

0 & 9 
9 » V 

*• n 

i3 n (2 n -l) 


Coefficients 

i 

H 

A^ 2 

= 1 


A- 


1/4 


Shifts 

2p ± 


4P ± 


9 * e> 
a » 9 


1^2 n 
A X _ A 


, =/3 . 



68 


must 


And since periods ot revs arc 2 nm ~l onlv, these exponents 
be integral uul tiples of 2 nm -l i,e> 

2 J ' P n (2 n -l) = K*(2 nm -l), j' = 0,1,2, >,n~l,K = Integer, 


vJhich is satisfied for K 


2 


n~l 


only » 


0 it 



l) 



( 2 nm — 1 ) 


0^ 1 / 2. j n— 1 


? mm 

° r Pn " // " jJ 3 ” 3 ’ 3 ~ 28 


Ex ample 3»4« Consider the primitive polynomial A(d) = I + Md 
where II is the companion matrix and q(x) = 1+x-tx^ * Find the 

2~ j 

shifts ft^ for the sequences generated by I + M d, j = 0,1,2, 3 > * •» » 


Since = [ I + lid]” 1 . P(d) o 


we have 


1 0 0 01 001101 
Jo 1001101011 
Hcoiooiioioi 
00 0 10011010 
ft 2 = 12 


0 1 
1 1 
1 1 
1 1 




1 1 
0 0 
1 o 
1 1 


y 


j 


wh 


period lb 


p 3 = 13 
^4 ~ ^ 

1/2 

Therefore for j = 1, the sequence S b generated hy I + M d mast 


have 


ft 2 = 24 = 24-lb - 9 
p 3 =26 = 26-lb = 11 
ft 4 = 28 = 28-lb =13 
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1 0 0 0 1 OOllOl 01 1 1 ' 

Sl =1° 1 1 0 1 0 i -• i i o o o i o 

|1 o 01 1 01 01 1 1 1 0 OOf 

011001101011110 with period Id 
v y 

For j = 2/ the sequence S generated by I + K 1//4 d has 


p 2 = 9 *2 = 13 = 3 

P 3 =11.2 = 22 = 7 

0 4 - 13.2 = 26 ^ 11 

f "v 

100010011010111 

11110001 0 011010 

1 0101111 0 0 0 1 OOlf 

1 0 011010111100 O'.with period lb 


For j 


3/ the sequence 3^ generated by I + ii^^d has 


p 3 « 7.2 = 14 

n 4 = 11.2 = 7/2 = 7 

100010011010111 

010111 1 000 1 0011 

f 

000100110101111 

1010111 1 000100 Ij, with period lb. 


3«4 T otal Response r. In this section, the response of the 
LFSR circuit over GF(2 n ) to periodic input sequence over GF(2 n ) 
is studied. The expression for the d- 1 ran s f o rm of output 
sequence is derived and the output period is determined when 
the innut period and the autonomous period are (i) relatively 
prime ( ii) integral multiples and (iii) equal ■» Since the 
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expressions giving the period of output sequence are similar 
to those ootninec, in tne case of sequences over GF(2), for 
vrhich period 0 are already known the results available 

for binary case are directly used here, without going into their 
derivation # 

The expression for the response of LFSR circuit is given 
,oy 3 =2-3 * With the use of 3*3—3/ it can be written as 

Y(d) = [c(d )]"' 1 [SC d 1 " 1 E C.d 1 " 2 s C d 1 " 3 

i=l~i l=2~ x i= 3 -i 

m . , , 

»»* S C.d 1 " 1 ^ 1 C c] [x 0 -i-BdU(d)] + D u(d) 

i=n>'l -1 mm - 

= [ C(d)] '" 1 .[ E C d 1 " 1 s 2 d 1 ” 2 .,, y C.d ± ~ rrH ' 1 C ]« 

~ “ i^l” 1 1=2 ~ x ~ m ~ 


-!- [ccayr 1 .[ E m C.d 1 '" 1 2 c.d 1 - 2 

1 i=2 i 


1=1 


m 

* > * E C s d 
i=m™l~^- 


i-nH-l 


2 ] 
_ m J 


r 


I 

cp 

<£ 

5> 

a- 

j* 

(p 


» dU(d) +1 U(d) 


= [C(d)] 


’1 


P(d)+ [ C( d)]~ 1 .[ S C,d' L ~ J -] *dU(d)+I U(d) 

l=l~ x 


m 


,i-li 


using 3*3-6 


m 


= [cCd)] " x *P(d)+ [0(d)] ” x -{ S C > d ;L ”" 1 -»d U(d)+ I C(d) U(d)} 

i=l ^ 
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m 


= [c(d)]~\p(d)+[c(a)]~ 1 ,{ s c d 1 u ( d ) i + s c d i )u(d)} 

i-l = i “ = i=l = i '■ 

ue ip a 3 ■> 3—2 


[c(d)] » P(d) + [ c(a)] ^ > (J u(d)} 


or 


Y(d) -[c(d)J'~ 1 »[p(d) + u(d)] 


3 «4— 1 


If the input sequence U = » . - is a periodic sequence of 

vectors with period b, then its d- transform can be written as 


U(d) 


*| 

Uq t u-[_d H“ u ? ^ t * ■> • + » » » + u^ d v( d) 

- .b “ 

1+d 1+d 

*1 r / -sn 1 r , \ i 1 


3 - 4-2 


And sine. [ C(d)]~ x = [ c'(d)] - = [ C"( d ) ] a 

whore a = Ej-p [N(d)] = Exp [C(d)j, wo can write Eq » 3 <.4-1 as 


y(a) = T c»(ar 


P(d) v(d) 

^ l+d a ' (l+d*S (l+d a )^ 


3 =»4«*3 


■' f e observe tha- ;- the* expression for the response of LFSR 
circuit to periodic input for GF ( 2 n ) has binary polynomials in 
the denominator- Since the periods of sequences depend upon the 
denominators of the polynomials representing them, we conclude 
that period of Y can be calculated in the some manner as it is 
calculated for the case of sequences over GF(2) » Since these 
results are already known, wc don't go into details and write 
the results directly- 



72 


: Input period 'V is relatively prime to autonomo 

period 7 n r « 


nous 


3 . < 


In t^is cape 


-o p na 
v(d) 


r = 1,2,3, 


(H-d )(l+af) 


a“" c ~' - 1 Ye expanded into partial fractions,, 


and the expression tor Y(d) becomes 

, , r n v' ( a) A(d) + p(d) 
y ( d ) ^ [ c"( d) ] [ . + : : n — I 

ltd l+d a 

When P(d) = Md), second terms from above expression vanishes- 
That is, for one particular initial state corresponding to 
-(d) ~ A(d), the output period is equal to the input period. 
This state is called the critical state* 

lor other initial states 
Output period == LCM(a,b) = a.b 


Case__II : 
period » 


Inpxi-'- period is an integral multiple of autonomous 


b =s a»r 


/ r - 2,3, 


In this case output period is an integral multiple of 
the autonomous period, but not necessarily equal to b •> 

Outrun period a »r 7 , r' = 1,2,3, * * * • 

Ca^e YEI s Input period is equal to autonomous period. i»e-» b 
In this case, if initial contents are zero then P(d) =0 and 

v( d) 

Y(a) — [ C M/ d ) j v v - * 

(l-:-d ) (1-rd ) 
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If [c"(d)] »v(d) has a factor l+d a then output period will be 
a* Othorwir, ; output ocriod will be 2a* 


If th~ initial states arc nonzero then the 
output p \riod will depend upon the particular initial state and 
cannot be obtained in terns of a* Details are given in reference 
[ 10 ] . 


Exa m ple 3 at s The connection polynomial of a LFSR circuit over 


GF(2 2 ) is C(d) - 1-KXx + lx 2 where a is the primitive element 


If of 


GF(2 2 ) and q(x) = 1+x+x 2 * Find the period of the outout sequence 

o 2 

when it is fed in by the sequence U = 1 a 0 0 C ft' P. 0 a ‘ 10 0 >• 


with period 12 and initial conditions are 

0 


(i) Xy 0 ' 5 = 1 7 


( ii) 2 


X 0 ) 

-1 


- cc ; x 


(o) 

2 


a 2 * 


The companion matrix corresponding to ex is 
’o l‘ 


M 


1 1 


C(d) a I + M d +1 


[0(d)] 


-1 



2 

L~»l 

1+d+d 2 d 


1+d d 



=s 

2 

ss i 

; 2 


d 1+d+d : 


d 1+d 


l+d+d 2 +d 3 +d 4 


Case (i) s 


[I + H 2 d + Id 7 '] 

^ ~ 1+d 


,2-i 1 +d 


And P(d) 


1 2— j 

S E 9 

j=0 i=l ' 
a -!- l d- 


i+j 


c .xj o) +E-x^ o) +c ^ o) d 

=1 "I =2" 2 2 d 
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n /*} Or- 

Autonomous response Y(d) =[c(d)] ®P(d) = [l+M'd+Id'] • [d+ld] 


1+d- 


l+d~ 


a + ad + Id 2 + Id 4 


or 


J 


l+d 

0 0 1 0 lj 

|^1 1 0 0 ojff with period 5, 


The total response is 


Y(d) = [c(d )]~ 1 . [ P(d) + U(d)j 


For convenience, we write 


/• Y(d) 


C(d) = 1 + ad + Id 2 

a + Id 1+ad + ad 4 + a 2 d 5 + a 2 d 8 +ld 9 
1+ad+ld 2 (l+ad + Id 2 ) (ltd 12 ) 


The division by vector is permitted since they are 
elements of GF(2 2 )* The second term is expanded into partial 
fractions as, 

4 2 5 2 _8 . ,9 

1 + ad + ad + a d + a d + Id _____ 

(1 + ad + Id^U+^h = (l«d + ldb C 1+ccd) 3 

Ad + B c D _ E 

__ —L p — + ^ — 2" i - T"5 * 

1 + ad + Id ‘ 1 + ad 1 + a 'd (1 + dd) 

The values of A, B, C, D and E are calculated to be, 

2 

A = l/B=a;C=a/D=a/E = a 
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Therefore 

v a + Id oc + id a 2 + a 2 d + Id 2 

1(d) = ~ o + =— * + “ V 2 — 

I + + Id' 1 + ad + id (1 + ad) 

2 2 2 

a + a d + Id 

(1-Wd) 3 


Y(d) = 


2 ^ 4 9 5 2 7 q Q 

a +ad+ad +ld +a d +a ‘d +ad +ld +ld 


1+d 


12 


Therefore this is the critical state and output period 

is 12 . 

i 2*"*j / \ ■ f\ 

Ca se (ii) : P(d) = E E C m ■, 3C d J = I#a+M*a +M*ad 

— * j = o i=l ”i+J 1 = ” 

2 2 2 

= a+1 + a d ~ a +a d » 

Total response in this case becomes 

<x 2 +a 2 d cx+ld a 2 +a 2 d+ld 2 

Y(d) = = 7 + — + — i 

1 +ad+ld ' 1 +ad+l d “ ( 1 ■ tad ) 

1+ad a 2 +a 2 d+ld 2 

_ + — # 

1+ad+ld (1+ad) 

The first term has exponent 5 and therefore output 
period = LCM (5,12) = 60 

Example 3 #6 : Find the response of the LFSR circuit over 

2 

GF(2 2 ) whose connection polynomial is C(d) = 1+a d# The initial 
conditions and the input sequence U are same as in Example 3*5# 
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Here [gCd)]** 1 = [/ + M 2 d] *" 1 = [ I + Md] -- 1— 

1+d+d 

* »Exp . [c(d)] = 3 = Autonomous period/ 

Y(d) = [ C( d)] *~’ 1 ,[p(d) + U(d)] 

Case (1) i P(d) = a + Id 

a + id - 

Y(d) a ryCL- + • ^ _ ■* 

L+Z d (lw d)(l«d) 3 

a+ld , ad-wd 2 

53 ‘ 5 * T~ + 5 

1+gc 'd 1- +a 'd (l+S:' 3 -' 

a 2 + Id ad + ad 2 

l+a 2 d (lnad)^" 


Therefore output period is LCM [ Exp 


(I4a 2 d) , 


Exp (1+ad) 3 ] 


= LCM [3,12] = 12 
Case (ii) t p(d) = a 2 + a 2 d* 

In this case also, out-out period is 12# 

__ O 

Example 3»7 t Find the output period for C(d), «= 1+a 'd and 


U(d) =' 


l+ad+ld 2 -KX 2 d 3 +a 2 d 5 +ld 7 -Ha 2 d 8 -HX 2 d 9 +a d 10 +a 2 d 11 


1+d' 


IT 


Here Y(d) 


P (d) 1 +ad+ld 2 +a 2 d 3 +a 2 d* 5 +ld 7 +a 2 d 8 +a 2 d^+a d^+a^d 11 


1+ctd 


(l+a 2 d)(l+d 12 ) 


0 12 

And since 1 + a d is a factor of 1 + 1 d , we cannot get partial 



n 


A(d) B(d) 

fraction of the type ~ — - — * j- , 

1 + a r i + id 1 ‘ 

Therefore output period = LCM [Exp( l+v 2 d) ,, Exp ( ( 1 -nx 2 d) ,(l+d 12 ) )] 

= LCM [3,24] 

= 24 

Use of LFSR circuit as Scrambler s 

In the calculation of period of output sequence for 

the case I of the LFSR circuit, we see that if the autonomous 

period and input sequence periods are relatively prime, then the 

output sequence period is the product of the two periods* Also, 

if the connection polynomial of the LFSR circuit is a primitive 

j-} m 

polynomial then the autonomous period is (2 ) —1 and the output 
period in this case is b*(2 nm *-*l), where b is input sequence 
period* Thus the input sequence is translated into another with 
much extended period* It can also be verified that the number 
of transitions are more in die output sequence than in the input* 
Therefore such a circuit can be used for scrambling purposes* 

The difference between a binary scrambler and this scrambler is 
that this scrambler scrambles binary vector data. 



CHi-vPT^. 

SYNTHESIS OF IxF SR C IRCUITS OVER GF ( 2 n ) 


In this chapter synthesis procedure of a liFSR circuit 

which can generate a given vector sequence is given. In 

Section 4.1, the synthesis problem is explained. In Section 4.2, 

fol 

Massey's algorithm 1 -'- 1 is described and in Section 4,3, the 
overall synthesis procedure is explained with the help of 
appropriate flow charts. At the end of this chapter, a 
computer program is given which is based on the synthesis 
procedure described in Section 4.3 » This program can be used 
to design LFSR circuits which can generate the given vector 
sequence. Examples of synthesis of a variety of vector sequences 
solved by using the given computer program are included. 

4.1 The Synthe sis proble m t In this section, we give the 
synthesis problem and synthesize a EFSR circuit over GF(2 n ) 
by a classical procedure. The problem arising in the 
synthesis procedure are described'. We see that this procedure 

r 2 1 1 

is very much involved. It has bom Droved 1 - J that among the 
various existing synthesis procedures, the Massey's synthesis 
procedure is the most efficient procedure, specially for 
synthesis over higher degree extension of fields. 
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Consider a finite length secru once of binary n x 1 
vectors taken as elements of GF(2 n ) 

S = s s s ... s - 
—1 o--l‘-2 —p~l 

may also bo considered to consist of the initial P bits 

of the periodic sequence S = s s.s, s ,ss, with 

“ — o—i— 2 — p-i —o—l 

period P. On the other hand, if a given sequence is of 
infinite length then it is periodic. Therefore we have to 
design a EFSR circuit which can generate a vector sequence 
with arbitrary period. 

The sequence S can be written in the polynomial form 
using Eg. 2.3-2 as 

,s_ o + s^d + s 2 d 2 t ... + s_^_ 1 d p “ 1 
l-;-d P 


2 

S J r S . d 4- S 0 d 
_ 

l+ld p 


+ s , d^ 
JCErl 


The denominator i Id" is obtained by dividing S(d) 
by the unit element of the field 3.. The numerator and 
denominator of the above equation are polynomials in d over 
the field GF(2 n ) and can be factorized as, 

s + s,d+ s_d 2 +. . .+ . . .+s n d^’ - ^ = f , (d) f (d) ...f (d) 

“O "l "'2 — P-i “l 2 -a 


l id 


2 1 (d) g 2 (d) ...g^Cd) 


Where the multiplication of vectors is already defined. Some 
of the factors may be common to both the numerator and 
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denominator and can be cancelled'. Therefore the expression 
for S(d) becomes 

F(d) 

( rj.) ” gTcTT * where F(d) and G(d) are relatively prime 
polynomials over GF (2 n ) 

Ihus the sequence S is represented by ratio of tv© 
relatively prime polynomials in d over GF (2 n ) and can be 
gen . .rv.it> ; t oy a LI'SR circuit over GP (2 n ) whose connection 
jXDlynominl is G_(d) and initial conditions are given by F(d)« 

/c-A' Find thi conn otion polynomial of IFSR circuit 
whi.ch can g Tier a to the periodic Sequence 


S 


1110 0 10 

■{ 1 0 0 1 0 1 1 } 
110 0 10 1 


with period 7. 


Choosing a = 
can be written as, 

S s 


0 

1 

0 


2 3 

and g(x) = 1+x +x , the sequence 


4 -5 2 5 6 

a a J i a a a a 


or o 


3(d) 


43 2 3 24 ET 5" 66 

a'+ a^d + Id -!- ad ■- a d + a°a + a u d 


1 •!■ Id 


and after going through a very lengthy process of determining 
the factors of numerator polynomial, we get 

(a a 3 x a 6 x 2 ) (l, + lx 2 -i- lx 3 + lx 4 ) a + a 3 x + a 6 x 2 


S (d) 


(1 lx 2 h lx 3 + lx' 1 Ml + lx 2 -!- lx 3 ) 


l-hlx 2 -i-lx 3 



dl 


Therefore the giv&i sequence eq* be generated by a 2P stage 
liFSR circuit whose connection polynomial is 1 + lx 2 + lx 3 * 


If we choose £ = 
becomes 


1 

0 

1 


and q(x) 


1+x 2 +x 3 f 


the sequence 


S =» £ 3 £ 4 1 j^jrjP 2 # **« and the LFSR circuit has still 3 stage 


However if wo choose q(x) = 1+x+x , a « 


then 


and S (d) = 


a 5 + a 6 d + ld 2 + atf 3 + a 2 d 4 + a 3 d 5 + a 4 d 6 


1+ld 


T 


a 

•*»« 

= I+ad 


Thus a single stage LFSR circuit whose connection polynomial 
is 1+ ad can generate S. From the above discussion, 
followed by an illustrative example, we observe that the 
design procedure involves the following steps. 

1. Choose an Irreducible polynomial q(x) of degree- n, and 
a primitive element a among various possible choices* 

2-. Write the given sequence as a sequence of powers of a, 

3 . Write the sequence in polynomial form. Find the factors 

of numerator and denominator polynomials. Cancell common terms. 


4 . The resulting denominator polynomial Is the connection 
polynomial of the desired LFSR circuit. 

5. Calculate initial conditions from the numerator polynomial. 
The above procedure has the following drawbacks* 

1. Different choices of a simply rename the sequence and the 
designed LFSR circuit is not changed, but different choices of 
q( x ) lead to different IFSR circuits and an arbitrary choice 
may not give the shortest length IFSR circuit* 



. /. finite length sequence of length P may be portion of a 

periodic sequence of period P^> P which may be generated by a 
Li'oR circuit much shorter than the one which generates sequence 
with period P. But there is no way to know P.^. Therefore 
shortest length is not guaranted. 

3 . Factorization of polynomials is a difficult task. It 
becomes more difficult as we go to higher degree extension 
of fields. 

The synthesis procedure given by Massey^ is free from 
few of those drawbacks and is proved to be the most efficient 
procedure. A synthesis procedure based of Massey's is given 
in the next section. The problem of getting shortest LFSR 
circuit for various choices of q(x) is overcome by designing 
for all q(x) and choosing the shortest one. 


4.2 Brief Description of Massey's Algorithm * In this section, 
the Massey's synthesis procedure is described in brief.- The 
procedure is based upon the following theorem, which asserts 
that the shortest length hFSR circuit which can generate cx. 
given sequence can be synthesized in an iterative fashion 
given by the theorem. 


Theorem. In any field, let S ...S be given. Under the 

(o) (o°> l P " 

initial conditions A (x) = 1; B (x) = 1 and L = 0. let the 

\ 

following set of recursive equations be used to compute a (x) 



L R ~ 6 r (r - L r_i) + ( ^ 1 ~5 r )l r _ 1 


A (R) (x) 


' 1 Ax ' 


1 (R rU 

f x) 


1 

i 

A R 1 6r (i ~5 r )x 

*r 

w 

JO 

! 

H 

CxJ 


R=l, 2, . . .P 


where 6 


R - 1 if A r ^ 0 and 2L r _i R-l 


6 r = 0 otherwise 

( P) 

Then a (x)io the smallest nearee polynomial with the properti* 

that 


A n (x) = 1 


R “i (p) 

anci £>,, . Zi A , S . 

R -1 j =1 J R-j-1 


4,1-2 


0, R = L +1, . . .P 


A R undorG f° 0< ^ to f* G z e £0 whenever A R = 5 R = 0. 


How wo see how the above theorem is useful for LPSR 
circuit synthesis. Let S = . . .S p ^ be some given 

vector sequence and a LFSR circuit is to be designed to 
generate it-. If such a circuit is designed with tap coefficient 
CL Ch..'.C T and has L n number of stages then we can write 

_1 _2 —Lp P 

Eq. 3.2-16 for this case as. 



/ 


K - L^, Lp+1 . . .P-1 


tf4 




v, 


j=l 


C . 



P 

s 

j=l 



k = L p , Lp+1 ... P—1 


4.1-3 


whore tho rnul ti plication of vectors is defined in Sec. 2.2 and 
2j arc - matrices corresponding to vectors CL . 

If till.' designed circuit is of shortest length then the 

polynomial 

C(x) = C Q + x + . ,+CjX P 

P 

must be a smallest degree polynomial with the properties that 


C = I 

au = 

4.1-4 

k-1 

•and 3 - + 2 C, S = <p (using Eg. 4.1-3'') 

~ k ” 1 j =1 - 1 k=Lp+l, . . . P 


And if we compare the above properties with those given by 
Eg. 4.1-2, we observe that these are the same, 
iluw wo chow how Eq. 4-1-1 can be used to calculate C(x) 
so that c(x) has the properties given by Eq. 4.1-4 

The synthesis procedure based on Eq, 4.1-1 is iterative and 
consist;: of determination of the quantities L, which is the LFSR 
length and the connection polynomial C(x) given by 

C(x) = _X + C-^x t l x * 

This pair of quantities is denoted by (L,C(x)). 



lor e<i< .h R, starting from R=3,a shortest LFSR circuit is 


designed lor generating the first R elements of the sequence S. 


Th„ U?3n circuit given by U^C^Rx)) is a minimum length 

circuit '.or producing This LPSR circuit may 

not bo unique. Several choices may exist, but all will have 

oquol length. At the start of R th iteration, a list of LPSR 

circuit::. (L^, C " (x)), i=l, 2, . , ,R~1 is constructed. The 

circuit C (x) ) can generate S^_S . . t S^ The 

til 

R output of this circuit is, 

R-l 


-R-l 


s s b , , 

j=l —J R— j— 1 


,th , . 


A quantity A R , known as the R discrepency is obtained as, 
S, 




(r-1) 

, n . - S n , = S„ _ + S c . s„ . , 
-R-l -R-l -R-l . x aj * -R-j-l 


(r_1) 

or A = S C. x . 

~R j=0 -J -R-j-l 


*fc Ti 

If A^ = £ , then the (R-l) T: LPSR circuit can also generate 
til 

the R element of the sequence and then 

(L r , c^ r) ( x )) = (L r _ x , C (R “ 1 } (x)). 

Otherwise the circuit taps are modified as follows, 

C^(x) = C^ R ~ 1 ^(x) + A x 1 C ( ‘ m_l) (x) 

XSBt S3 S3 S3 

where A is a field element (i.e. matrix equivalent of 

* (ml) 

a field element A) , 1 is an integer and C Cx) is one 

of the LPSR polynomials calculated earlier. 



A proper choice of A 


TL 


and 1 = R~m gives 


C (l ° (x) = C CR - lJ (x) + i- 1 * A. x » C^dx) 

=3 SB ~m ~R S= 


rind the now discrepency A^ becomes 


R-i ( j 

A/ = 2 cJ R; S D . . 

— R . —1 — R-1-1 

3=0 J 


R i X cf- x) + i- 1 " 

j*0 =j 


. pCm-l) Q 

“ RX jL “3 ^-j- 1 


-R + * ~R* mri 

<P 


and therefore (x) can be used to generate' . — p._l' 

- ^.(o) / \ nr T. _ O ar 


(x) =1, L o = 0 and 


In thin manner^ we start from C 
A = 1, C ° (x) = I and proceed upto R= p and thus 

«— jYl "** ***** ****• 

calculate (Lp, C (P) (x» which is the shift register design 


for 


L = ^S.x-2" ‘-p-i* 

Wo observe that the choices of A, 1, A / 


.K -11 (x) 


llQ . - ,e, ( p ) ^ 

in the above case arc equivalent to determination o _ ^ 
using Eq# 4 .1-1* Therefore the theorem ensures that C (x) 

is the smallest degree polynomial £* ^ "* 

in determination of C(x) by usin ? m E «; j 4 * 1 a p y 

fn), , . „ B. ( x ) is intro< 


(x) 


A * C 
— nu. 5=5 


is introduced 


R: 


where M*< R is the largest integer such that 6^= 1. and 6 

_ „ . n , In other words nu is the most recent 

is given by Eq. 4.1-1* m otnerwo R 
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iteration number in which length was changed, and this 
choice oC m u guarantees that C (x) calculated by Eg. 4 . 1-1 

i:' o: shortest length. 

^ * )j Jl.l-.L 1 s Froc cdur o : In the previous section, 

Ul ’ * 1,lV " r:, -‘ ,, n that the synthesis procedure involves multipli- 
cation and Inversion of field elements. In the present case, 
the i .3, hd .lenient nro represented by binary vectors, and 
their multiplication and inversion can not be achieved using 
ordinary rules. It has been discussed in Section 2.2, that 
lot thane purposes, the vectors are converted into corresponding 
mntxioos given by Eqs . 2.2-7, 2.2.8 and 2.2-9. Therefore 
whonov. >r there is a multiplication or inversion of field elements 
in the calculation of c(x) , the elements are converted into 
cor rosjsondlng matrices. The process of obtaining matrices 
oorros.oonding to vectors is already discussed in Section 2.2. 

Her i wf' represent it with the help of flow chart number 1. 

Flow chert numb. or 1 explains how multiplication and 

inversion of field elements is obtained. The synthesis 
prococlurv! is explained with the help of flow chart number 2. 

After the IF SI< circuit given by (Lp, C^(x)) is designed 

for one c ho icn of q ^ ^ (x), the other designs should be 

K 

detormin ,'d so as to choose the shortest IFSR among than. This 
can bo achieved by following the procedure given by flow chart 
number 3* In this procedure, after calculation of (L p/ C (x) ) 
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Lo r uuob choice of (x), K is increased by one and the 

proccnn in continued* Simultaneously, the smallest number 

emoncf tho hj/s calculated for each K, is stored as the 

value ot tile variable LENGTH and corresponding C(x) is 

rU;oT„\ id in thu n rim a CON (x) . This process tvcrminatcs when all 

/ \ 

irr?luc:iMij polynomials q^ ; ( x ) has bean considered. 

A t the aid of- this chapter, a computer program in FORTRAN IV 
j,«; given which can bo used to calculate the connection 
polynomial and the number of stages of the LFSR circuit which 
ran <j. n r.rto the sequence specified in the input file of the 
program. h cause of memory limitations, this program is made 
Uo design li’dR circuits for generation of sequences of length 
lor;:; then ]u0 over the field GF(2 n ), whenre n 1 5’. However, 
it c. in easily be extended for higher values of n and P. 

I*’ jv; examples are solved with the help of the given 
computer program and it can be verified that the circuit is 
of shortest length in each casev 

For simplicity of calculation of initial contents, 
the output is drawn from the. l^st stage. Therefore the 
initial contents can bo determined by using Eq. 3.3-7 and 3,3-8 
and they coincide with the m initial bits of the given 

s oqUunoo * 

i. j. For S = ... s p _ 1 

The initial contents are 
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s 

-m~l 




x (n) 

-m 


However, if we wait to draw output from the input poinu 


oi first stage only then f^om Eq. 3.3-4 


. . . , m-1 m-j , s . 

C(d) Y(d) = r S Sc ‘X (o) d J 1 
= ~ j=0 i=i ^ J 


or writing first m elements of the sequence Y given by 


Y(d) 


V y l d + y 2 d +• • * +y D-l d 


it matrix form 


I 9 <P ... <P 


C, I <P . . (p 
izL ra w 


c, c 0 . . . c 

s " i X -m 


S 2 k 


C , C _C Y . C <p ... <P 

rtn**l cam-2 ccm-3 tr. -ra-I . cam cc *** 


x (o) 

-m 


And therefore X^, can be calculated in terms 

-~± ~~2 mn 

° f §1 £2 ••• P m 3,1,5 *1 •" y tn-l • 
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FLOW CHART NO, 1 



Procedure to o b tain matrix _^rxe ff3on<ain q to . _s omG vector. 




FLOW CHART NO. 2 


start 


READ P and n 

READ S S _ S„ * , .S . 

-o —l -p~l 


'.Initialize C(x) = I; B(x) = I; R = O; L = 0 


. Con tiny 


U 


R+l 

”T“ 


,th 


i Calculate R discrepancy 
! L 


r 


A 

tin 


i 


K - 2 * 1 + \ Sj Sr-j-x 

3=1 J i 


Yet 



'sip =2/ 

V / 


no 


impute now connection polynomial 
, -i'(x) for which it is zero* Using 
;v(x) s g(x) + A g* x-|(x) 


UJC 

I C( x ) *■ T (x) } 1 A W 1 5. t'-l/' 

L=. .. . «. ■ - X ? 

I • ' 

( f 

. t. Yes 


i P. ( x ) - xlKx) I j Length change needed | 


J 


J 5 D(x)- = u) 

I 


K- 


10 i C{ x) ♦* Y(x) 

= PA i L - R-L 

Nj / L ' 

Wee 


Use of program 
given in flow 
chart no* 1 
; for multiplication/ 
inversion of 
vectors by 
\ converting them 
into matrices 


! STOP 


Ma s sovl s, Synthesi s Algo rit hm 
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FLOW CHART NO . 3 




START ) 

~1 

-j 

K=0 ! 


,K’ 


K+l 
-i 


\ 


Apply Massey's procedure to calculate C(x) and L 
« 'tin ^ 

tot k choice of irreducible polynomial/ such 

multiplication and inversion of vectors is 
done by the procedure criven in flow chart No. 1 


A. 


Yos AP/A 

I N Kr=l / 

1 x? / 


i'lLL 


IjMNOTH * L 
con (x) *- g(x) 


-V 


L Is smallest 



Yes 

LENGTH is smallest and CON(x) is 
corresponding connection“polynornial 


LENGTH ig 
smallest 


List of number 
of irreducible 
jvilyno.ai^ Is. of 
d octree n 
F (2)»1/R (.3 )=2 
etc 





have \ 

^y&ll irreducible\ No , 

polynomials been ~> n Repeat for other } 
'" v considered choices of q(x) 

is I<=p(n) 


I Yes 


’Write results 
(LENGTH, CON (x) ) is the 
shortest EpSR circuit 
design 


STOP ; 


Sy nth esis pro cedure with pro visio n to choose. _th e Jjhortest 

LFSR ci rcuit 



93 


In the following example/ a IiPSR circuit is designed 
to generate a given sequence. The example is solved in 
detail/ showing at each step# the values of various variables 
used in the computer program. The symbols used here are the 
seine as ere used in the programs Then few more examples are 
given which are solved with the help of computer/ and only 
the results are given. 

Example A . 2 

Synthesize a LESR circuit to generate the sequence 
over Gl'’(s^) 

r l 110 100 ' 

i oil io io r 

OlQOlllJ with sequence length 7 i 

Solu tion. Various variables are declared integer and are 
din cans ion ed. The read statement assigns, 

P = 7 / N = 3 

S(l/l)=l; S (I, 2 ) =1; S(l,3 )«1;S (l,4)=0* S(l,5)=l? S (1, 6) =0;S (l,7 ) = 
S(2/l)=0; s(2/2)=l; S(2/3)=l;S(2/4)=l; S(2/5)=0; S( 2 / 6 )=l/S (2/7) = 
S(3/1)kO; s (3/ 2) =1; S(3/3)*=0/S(3/4)=0; S(3,5)=l/ S (3/ 6) =1;S (3 ,7 ) - 

Companion matrix corresponding to 3rd degree polynomial for 
K=1 is formed. Thus 




H 




ey' r> Algorithm Starts. Initialization. 


Rr-.n; L-.-Q; B ( 1 ) =8(2)= . ..= B(P)=0 ; LEM (l) =LEM( 2 ) =. . .LEM (P)=0 

* » sm — ^ * ^**2 jmss srt 52 


ii(i) 


'l 0 o' 

1 

"l 0 0 ‘ 

0 10 

; LEM Cl) = 

0 10 

.0 0 Ij 

i 

1 

00 l] 


Th'-* values of Llic various variables for wb itciation are 
babul atoct below 


R=l 
DEL ( 3 ) 


' 1 ' 

(1) 

"l 

0 

0 I 

(1) 

"l 

0 

0 " 

0 

; t (l) = 

0 

1 

0 

; T (2) = 

0 

1 

0 

_0 j 


0 

0 

1 J 


0 

0 

1 


(1) j 

"l 

0 

0 1 

i 

(i) 

'o 

0 

o' 

2L<R-1- B (1) = 

0 

1 

0 ! 

; B ( 2 ) = 

0 

0 

0 

1 

0 

0 

i 


° 

0 

0 


(1) 

r* 

1 

0 

0 

Cl) 

“l 

0 

0* 

LEM (l) = 

0 

1 

0 

; LEM (2 ) = 

0 

1 

0 

KS 

_0 

0 

1 

-W 


^0 

0 

1_ 


R=2 



"o' 

(2) 

'l 

0 0 

(2) 

1 1 1 

DET.C2) = , 

.1 

i 

__ 1 j 

; T (a) = 

0 

_0 

1 0 

0 1_ 

/ T (2) = 

10 0 

1 1 o_ 


( 2 ) 

2L > R-l ; LEM(l) 

ra 


'l 

0 

0* 

(2) 

1 

1 

l" 

0 

l 

0 

; LEM. (2) = 

1 

0 

0 

O 

0 

i : 


1 

1 

0_ 


( 2 ) 

B 



jo 

0 

o' 

i 

; B ^ (2) = 

"l 

0 

o” 

d) = 

0 

0 

0 

0 

1 

0 

: 

0 

0 

0 , 


! 0 

0 

1_ 
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Rr.:3 


DEL (3) 


0 

0 

0 


DEL(r) _ p 


( 2 ) 

H (1) 


(3) 

n (3) = 


o o 
0 0 
0 0 

0 0 
0 o 
0 0 


0 

0 

0 

0 

0 

0 


( 2 ) 0 0 

; B (2) = 0 0 

.0 0 


(3) (2) 

r LjM = LEM 


0 

0 

0 


K=4 


DEij(4) = 


0 

0 

0 


DSL(R) „ p 



(4) 

* # | ( 4) 


R=5 


10 0 
0 10 
0 0 1 

1 


(4) (4) 

B (1) = B (2) 


( 4 ) f " 0 0 °' 

B (3 ) = 0 0 0 ; 

_0 0 0 

( 4 ) (3) 

LEM = LEM 


DEL (5) 


0 

0 


(5) 

B (5) 



DEL(R) = 0 

° 0 ] (5) ( 5 ) (5) (5) 

1 0 ; B ( 1 ) = B ( 2 ) = B (3) = B (4) 

0 1 J 

(5) (6) 

LEM = LEM 


”0 0 
0 0 
0 0 
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! Q 


ukmV.) 


( 6 ) 

! i : 


i m ! t del(r) == o 

! ... ! 

I l) ! 

[j O 0 


ID 1 
\ 

If! 0 


( 6 ) 

B (1) 


(6) 

3 (5) 


( 6 ) ( 6 ) ( 6 ) 

B (2) = B (3) = B ( 4 ) 


0 0 0 
0 0 0 
0 0 0 


( 6 ) 

; LEM : 


(5) 

LEM 


K-il 


DEI i ( V ) 


0 


(7) 


0 

1 / 

DEI 

.(R) = 

0 






0 j 










1 

0 

0" 

:?) 


'0 

0 

0 1 



0 

1 

0 . 

■ ; 1 

(u = 

0 

0 

0 

, I - 

J t-o 6 

0 

0 

1_ 



0 

0 

0J 




(7) 


( 6 ) 


LEM = LEM 


(7) 


= L 


( 2 ) 


= 1 


/.ll s yndrorucs are over, rCisD - f (.3 ) = Number of irreducible 
f.oJ ynorainls of degree J is 2. 


Repeat; the process for K=2 i.e* K 

In this case, final result is 
L=3 and 


(7) 

LEM (1) 


0 0 1 
10 0 


1 0 


1 1 ! 

X Xj 


(7) 

lbm ( 3 ) 



r~ 

1 

0 

0 ' 

'.7) 

'l 

0 

o' 

zs 

0 

1 

0 

; Lgi (2) =, 

0 

1 

0 


0 

0 

!. 

, 

_0 

0 

1 ^ 


- 




r* 




0 

0 

0 

(7) 

1 

0 

0 


0 

0 

0 

/ LEM ( 4 ) = 

«SS 

0 

1 

0 

! 

I 

_0 

0 

0 


0 

0 

1 
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There For '.i the last part of program chooses 


CUH ( 3 ) 


r= 1 

'l 

0 

o' 


"l 

1 

"1 

1 

r= 

0 

1 

0 

; CON (2) = 

1 

0 

0 


0 

0 



1 

1 

0 


The final answer is therefore. 



"l 

0 

0" 


"l 

1 

«s 

1 

CON (d) = 

0 

1 

0 

4* 

1 

0 

0 


0 

w 

0 

1 1 


.1 

1 

0_ 


d 


The computer program and some examples solved by using 
it arc given in the following pages. 



141 

22 

23 

at 

c 

c 

24" 


f ; 


D 

f 

? 

■ # 

S ( 5 , 1 r» 

in 

r» { s 

, I;; 

) 

, nr LLii 

7 r, 

: g 

;r» t 

■ : , 5 

# i 

• * ) , Ou 

1 ? 

> * 

1 5 , 3 

, • •• 

n) 

, OELSti 

rvf ? 

- m 

!) J 

. c 

r > , 5 ) , \ 

1 , 


r ^ # 

1 . * - 

■' ) , OP '• 

y 0 [ 

* o r; 3 

? ( 3 

f ^ 

, i 1 , u ) 

1 1 o f 

• ( i ' 1 

r : t ’ s 


noviGiv 

ript;/. 

i f : 

'! 

1 

•• # 

'I .-; 7 re •: 

*■* i , A 

^ j Ci, 

■* ) , 

n 

■•j 

r> ;v o 

:* ( -n , 

» ) , 

{ 1 

•'HI , I J 

>*; i > T 

,v v r 1 

f ■•■■■■■ ’• 

.1 j 


VFn T 

nt 1 

7 / . 

f - 

2) 


;? ,u 

• r 1 1 

") ; , 

r " 

3 ) 


r i p r 

uf jr 

1 !’ = 

u # 

t'EV ICO: 


n '> ,A(b, 5 . 5 ) ,M( 5 ) ,nt 5 , 5,100 3 
,BRB( 5 , 5 , t no) ,RH( 5 , 5 ) 

0 ( 5 , 5 , 1 00 ) , SUM ( 5 ) , SHAT U S J 

(5,5) ,r>i£J,b(5 r 5) 

U(5,^) ,T V0El,(5.5) ,T,E«J (5,53 

U\TCS ) , IUuni;MtS,S ) ,I,B AM?W is, 5 ) 


.rUliVs'SFiil 0 ' ) 

# i-’-r- *•- 'rfsult') 


- ' DoK ' , FTuF 

, J=1 ,P) ,T = 1 


} 


)M 


301 

V ‘ T 

OF 

f. 1 , 2 w 


r 

TP 

1 1 

?01 

. rr< rtf 

: A 

r ( 1 H x 

?0 3 

1 ,-V 1 

■ 1 A 

T i S } X 

20 2 

■ p n p 

-iA 

T ( 1 0 a 

204 

Ft r> 

" i 

•' JUX 

205 

Vf A * 

I A 

’■( 52 x 

C 

rr'!-: 

t P 

! C I ■'*’ 4 

c 

i>rn 

crv. 1 T 


n ( 1 

7 

$> ■* 

,23 = 1 


* c 1 . 

, 3 

,?) = .! 


A f ?. 

, 3 

,2 3=0 


ACl 

,4 

* 2 ) a 1 


A C 7 

,4 

, 2 j =u 


A C 1 

, 1 

, 2 J a l 


A f 1 


,?)■=,! 


AH 

,5 

,?jaO 


n 1 3 

,5 

, 2 ) a l 


A ( 4 

,5 

, 23=1 


ft { 3 

,5 

, 2 ) = .1 


A C n 

,5 

,2 3=0 


r( 1 

) = 

1 ; P ( 2 


Jfsi 1 



2 

KsK 

+ 1 


C 

F» 1 P 

O. ATT OH < 

C 

K , * 

th 

n R T M 


no 

3 

1 = 1 , t 


no . 

i 

, 1 = 1 , 2 


"' 4 (i 

,.T )=0 


T F C I - 

J.EO. 

3 

C f;P 

i‘T 

ur: 


fU) 


1 = 2 , i 

4 

M ( T 

,U l=A(K 


■!( 1 

,W) = 1. 

C 

t ♦ * * 

M A, 

c 

IN I 

TI ALTZA 


R s 0 




LP /! 




’USK 5 ,FTL,F!: 

4) (S(1,J) ,J=l ,P) 

s ) p . 

r ' -Cxa-ioie ' ,5X, 'uestqn 
» # th<> sequence'/) 

, 1.1 ( ‘ 

, ion i 

, ' •< i » ■: i sequence 

I'S iJF POWERS OF 
THROUGH 5 


’ SFuTiv * ) 


a LESR circui t to qenerate * ) 


) ,/) 

,/> 


lenath ',t3/ 

X TW PRIMITIVE 


',///) 

POLVHfHiTM, 


op 


1 A (.1 ,3,3)=<> 

' 4(2,3,33=1 
’ A ( t , l , 31 =0 ; A ( 2 
’ A ( 2 , 4 , J ) = 0 ? A ( 2 


4.4) =0 

4 .4) =i 


11,5, 


f 4 ( 2 , 5 , 

! A C 3 , 5 , _ . 
r AC 4,5,3) 


n 

3) 

3) 


A ( 1 


S,«)=flMll, 5 , 5 )sO 

, 5, 4 ) = U A ( 2 , 5, 5 3=0 

1 ;A( 3 ,S, 4 )=l;A( 3 , 5 , 5)=0 

l;A( 4 , 5 , 4 )= 0 ,*A( 4 , 5 , 5 ) = l 

a ( 5 , 5 , 3 ) s 0 ; A ( 5 , 5 , 4 ) = l ; A ( 5 , 5 , 5 ) = 1 . 
A(b, 5 , 3 )= 1 ;A(*. 5 . 4 )=l?A(b, 5 , 5 )=t 
= 1 ? E ( 3 3 =2 ? F ( 4 3 = 3 ,* F ( 5 ) =;6 


IF COMPANION MATRIX 
rrlVE POLYNOMIAL 


l) f;(I,J) = l 


C OP RESPONDING Tu. 


r i'- s , 


1) 


ALGORITHM STARTS HERE ***** 


1 = 1 f ii 
JSlff 

Tfsf 


14 t 11*1 ,P 


no i4i 
nr; 14i 
no 14 1 

ncT/j.mso 
00 21 X = 1,W 
00 21 ■?=!,?•? 

TF(X-J) 22,23,22 
R ( T , .1 , 1 3=0 
LEM (T.,J.1)=0? GOTO 21 
RCi,j,i l=| 

lru ci, , n = t 

CONTINUE i 

. 


c C’’’-, ■" ”T i - OP R t h DISCREPEMCV 

■ DELTA ( A TCP ) ^SUMMATION (JWfJto L5LEMC J+l 3 *S 4ATC R~J) 

M. 



2 b 



i> 

7= 

# 

01 

( l 

,R) 


TF 

' ( ij ® i: 

, ■) 


) 

c 

0 in 


f'V, i 

» 2h 

'l 



l‘J 


2 b 

SM 

i t T : 

| 3 






Hi ! 

« 4 7 

• T 

3 = 

i 

J? to 



n 

?» 

hj 






nn 

1 2 R 

I 

= 1 

# 

: j 



«r ;n 

A ,HT 

> = 


( I 

,01 ) 


n n 

T , 1 , 

? f‘ 

; * 1 C f 

. f 

. f 

7) 

9 

.1.1 F 

v i ( T , 


r a 

hlj , 

! A 

r ? 

L 

T( 

Hi '■ 1 


71 

79 

C 

io 

c 

c 

c 

c 

33 

31 


37 


36 


18 

C 

c 

c 


c 

c 

c 

c 

40 

71 


nn 2 7 C = ) , r : ' 

• p ''"()) = ii 4 •,(«'! KD-f.KMMATC 1 1 ) 

On 2" 1=1 ,M ' " 

0 : :0(] , v ) = ADS ( DEL ( I , H ) -SUM ( 1 ) ) 
r i t t; h f) I SC PEPEMC Y ZERO? 
no i? i = i f '. 

IE(i>KLQ,R)) Si, Vi, 33 

r • it In ME 

On?';,/ M 

n.’.r.TP ( H J T 5 EOMZHKO. 

OAOCOuAtO VEW CQDMECTIOM POLYNOMIAL 
rrrf? WUT.CH DELTA (R) is zero. 

T(X 1=00*1 ( X 3 + DEL ( ° ) *R ( X ) *X 

0| il T = 1 , ! 

OKl.LOu < I ) =T>ELi ( T ,PJ 

f* M,o 71 *’r<A^ OKI. LT.L,H, DELL, «) 
on JO I i = :>,»; + * 
nn 37 r = i 
on 37 3=1 

P!?a ,.h=bu , j,ii~i > 

CALL M A T'HJT ( DELL , t4B , DELRP , ^ ) 
no it i=i, i 
DO 36 1 = 1 

HE lit) ( I ,J , [1 )=OELBt3( I , J) 

T( f, I. 1 1 ) = AbSCLEM( I, J, Tl) 
no 38 r=i , 7 
no 33 1 = 1,7 
T ( T , 1 , 1 )=bGM(3 ,3,1) 

IS LENGTH CHANGE HEEDED? 
rF(2*L-R+l) 40,10,41 
?*L TS '1HRE THAN R-l . 

LK’ 1 U)=T(x) 


•DELB (I, J, 11)3 


41 

Dl ■ 4 3 11=1 ,B+1 


DO 4 3 1 = 1 , N 


rii ; 1 3 1 = 1, H 

4 3 

Lie*' 1 ( I , 3 , T 1 ) =T f T , J, 1 1 ) 

c 

DELTA (R) IS ZERO, 

c 

C 

OU 2*h IS MORE THAN P 

R ( x 3 <---- x ♦ B (, x ) 

4 4 

ni- 35 11 = 2,9 + 1 

DC 45 1 = 1 ,3 


DO 15 3=1 ,l-i 

45 

R6HCT, f,r.l) = R( 1,3,11— 

DO 46 1=1 , N 


nn 46 3=1 , N 

46 

RRB(T , J, 1 )=0 

DO 47 11=1, R+l 
no 47 1=1, N 

DO 47 J=1 ,N 

47 

BCI,J,I1)=BBBCI,J,T1) 


GOTO 51 

2*1 T $ LESS THAN/EOUAL TO P-1 
MxlsDPXTACR) IMVERSE*LEM(X) 

LEM(X)=T(x) 

Ls*R-L 

DO 71 19=1, N 
DO 71 J9=t ,K 
A A A ( 19 , 39 )=DELL ( 19 , V J9 ) 


9 9 




too 


73 

74 
7b 
72 


50 


49 

C 

51 

C 

c 

143 


145 
C 

C 

C 

144 

146 


148 

C 

147 

C 


640 
639 

641 

642 


644 


540 


C 


C A h L M A T I V V ( A A A , N , B B , 0 , i >F T , 5 ) 

no /? 18=1,0 

n O 1 2 ,18=1,1' 

R A A A = A O S ( A A A ( I 8 , ,78 » ) 

T N t A = t<A A A / 2 . 

RKLAsrA A A/2, 

PKLn=['! PA 

TF(kPt,A-Rai,H) 7 3,74.73 

1 1; A=l : <7; it 75 

1 t A=C 

TiiVOPbf 18 , 1 8 ) = T 1 A 

rnuTTuuE 

net 4 f > T i = 1 , r h 

r>r 1 50 T = i,*i 

on hi 7 = 1 

TjF:«fiMM(I,J)aLEM(I, J,Ttt 

CALL 0 A T M U T ( 1 NV DFli , l, R H M M M , T K D DP M , N ) 

no 4 c -> 1 = 1,0 

00 40 J=t , \> 


TMhhLMC I.,,J,T1 )*IMUI>DM( I, J) 
B ( T , J , T 1 ) = 1 !iOK[,,M ( 1 ,.J , 1 1 ) 
LEM 1 1 ,7,11 ) =T ( T , J , 1 1 ) 

L = P-L ‘ ' 


ARB ALL $ 70 DROMES OVER? 

TF(K.HE.P) GOTO 24 .. 

LENGTH =L FOR FIRST PRIMITIVE POLYNOMIAL. 

CONU)=LEM(x) for first primitive polynomial. 

IFlK-1) 143,143,144 

r,ENGTH=L 

no 145 1 = 1 , N 

DO 145 J = l , N 

DO 145 11=1 , R 

CnWCT ,7,I1)=LEMCI, J.I1) 

CALCULATE L 4 LEM ( X ) F'OR OTHER PRIMITIVE POLYHOMI ALS . 

IF ULO LENGTH T8 MORE THAN. HEW LENGTH I, THEN 
LEMOTfi=NE« LENGTH L & CON(x)=NEW LEM f x ) 

GOTO 147 

IF(LENGTH-L) 147,147,146 

le;ngth=l 

no 148 I = i, N 

00 148 7=1, N 

no 148 11=1, R 

rON(.I ,J,in = LKM(T,J,Tl) 

TRY FOR OTHER PRIMITIVE POLYNOMIALS. 

TFCK.ME.F(N)) GOTO 2 

ALL PRIMITIVE POLYNOMIALS ARE OVER. WRITE RESULTS. 

WRITE C 1 ,640) 

WRTTE< 1,639) 

WRITE ( 1 ,641 ) LENGTH 

WRTTE 1 1 ,6423 

FORM AT C 1 6X , 'RESULT' } 

FORMAT! 16X,6( '**'), /) .. • .. 

FORMAT C 20X , ' The des toned LFSR Circuit has', 13,' stages. * 
format C 20X, Coefficients of the connection polynomial are: 

DO 540 11=1 .LENGTH +1 
WRITE! 1,644) 13 

FORMAT (20 X, 1 3,/) 

no 540 1=1, N 

WRITE ( 1 ,204) CCONd ,J,It ) ,0=1 , N ) 

CON TIN UK 

STOP 

END 

******;*** t****************************************#*!#!*;*** 


) 



10 
15 
20 
30 
40 
45 
50 
60 
10 
Rn 
85 
90 
95 
100 
105 
110 
130 
1 40 
150 
1 60 
170 
200 
205 
210 
220 
230 
250 
260 
270 
310 
320 
330 
340 
350 
355 
360 
370 
380 
390 
400 
420 
430 
450 
455 
460 
500 
550 
600 
610 

620 

630 

640 

650 

660 

670 

700 

70S, 

710 


11 

12 

991 

740 


1 0 1 

SUBROUTINE MATINVC A , N, B , M , DETERM , NDTMKN ) 

r!lr w^? M ' NDIMCM) * B(NDIMEN ' t ) .IPIVIJTCI OO j , INDEX (100*23 

r* i ot-'iSToM oifioo) 

VALENCE f 1 ROW , JROW ) , ( ICOLUM , JCOLUm ) , ( am AX , T , SWAP ) 

Ml • 20 l=i,.i 
tp r 7n r (o ) =o . 
on 550 1=1,5 
A M ft X = P * 0 
Hf ) 1 *, € t Js 1 # ‘4 

T F f i P 1 VtJT ( J ) - 1 } 60 , 1 05 , 60 
DO 1.6 0 K = i#^ 

TP( CP'I Vy?(K )»t ) BO f i 0 0 #740 
T F ( A M A X ~ A 6 S ( A ( .1 , K ) ) ) 85,3 00,1 00 

TRH. •«’=.) 
tcolomsk 

0;Ua = ABS(A(J,a) ) 

CONTI JOE 
CONTI jUE 

TPTVOtf ICOLUM ) = I PIVOT (TC01,I1M) + 1 
IF ( I RlJW-ICOL»JH) 140,260,140 
OF!TF:PM = «i)RTKRM 
OCJ 2C0 0=1 ,0 
SWAP=AC IRfJW.L) 

A ( Tfinw , L ) = A ( ICO LUM , L) 

A ( ICOliOM , L) = SWAP 
TF CM) 260, 260,210 
DO 250 6=1, M 
SWAP=BCIR0W,L) 

B ( TOP >j , ) =H ( ICOLUM , 3. ) 

B ( T C 0 U > IM , L) =.8 A P 
TflDEX CT,1 ) = IROrt 
INOfc;X(I,2) = lCOLUB 
PIVOTsACICOIUM, ICOI.tJM ) 

DT(X)=FIV0T 
A (TCOLffM, ICOLUM )=1 .0 
00 350 1=1, N 

A ( TCOl,U,i , L) = A ( ICOLUM , L ) / PIVOT 
TFCfO 380,380,360 
00 370 0=1, M 

R C TCObUM, L 3 =B( ICOLUM, L) /PIVOT 
no 550 61=1,0 
IFffil -•IC'OLUM ) 460,550,400 
T=A 1 L 1 , ICOLUM ) 

A (LI , CCOLUM ) =0 , 0 
on 450 6=1, m 

A(L1,L)=A(L1 , L ) "A ( ICOLUM , L) *T 
TF ( M) 550,550,460 
DO 500 5=1,0 

RfT.l ,t/3=B(Ll , L)-B (ICOLUM, 6) *T 

COUXTNme 
nrj 710 1 = 1,6 

| _.j,i t j „y 

nRTfc;FtM = DETERM*DT<L) 

TFCINUFXCL, t ) ~T NDEX (L , 2 ) ) 630.710,630 

JrtOWslMDEXOi* 1) 

JCnL!lM = IN0FXa.,2) 

00 705 K=t,N 
SWAP=A(K,JRO"») 

A(K, JKHW)=A(K, JCnOHM) 

A£K , JCOLUM ) =5K AP 
CONTINUE 

CONTINUE 

on ii k=i ,n 

TF(XPlVOT(K).riE.l ) GOTO 12 

CCNTIMUE 

returm 

TYRE 991 . ' 

FORMAT C iO.X, 18MMATRIX IS SINGULAR /) 

RgTURN 



0.1 


171 

1 17 



4 

5 


C 


45 

55 


C 


^ kOuT /; fV,i tif- A MATRIX BY A uATRIX 

HKOfc.f' ^ h i ) j f i MATRICES IS M. ADM YTiJf T ,S MIHJHbO-?. 

SU»» i iO U T I • t. ' AT* U T C M i , f-12 , » 12, W) 

"1 16.KSTCJ 32(5,5) ,1,115,51,(1215,5) 
no b 1=1 ,u 
in. 5 J=i,\ 
f,l=< 

00 4 A = i , i.m 

l.b = hji>f(,r.-jun ,K)*M2(K,J)) 

PKTUMj ; fcJLu 

*¥*$**% ft* -ft****** ****************************** 

R U Aft D UTIL'S TO MULTIPLY A MATRIX PY i\ VECTOR 
SuPhOM’r'l- " ATVLTC A , B , X . ti ) 

■Uirr.^i H A(f>,5),b(5),X(55 

DO 55 1=1,0 

ISiJM = 0 

Dli -*5 K = 3,0 

1 s ' I M a A B S ( I S J I M - A (I , K ) * b ( K ) 5 
XI l ) = ISUM 

DPT UP L 


PuO 

***********+****♦** **************************** 



ten 



oesioa a tiF3R circuit: to generate 


toe sequence 


:•>*••• ) 
, H, l 1 


t i U'i i •)')! i nil uo )i t loci no 10 1 mii mu non oi oi ot nil loonoo 
> >U’ii )in >u ooi iomi«Hut noooooi uoooi 10001 oi ooi u jui 
vita sequence lenatn n 3 . 


” i'.-‘ jus i fqn j ijFsu Circuit has 3 staoes. 
tq^tartoDts of toe connection polynomial are; 


ii i 

3 

1 i. 
10 

■1 

*u 

1 .1 


CxauDie 44 Oesiq.q a iiFSR circuit to generate 


t ie sequence 

Jill fill) ) 1 0 1 0 i 0 0 1 1 0 1 0 0 0 0 1 0 0 0 1 0 1 1011 11 1101011 loom lUOUl OllOOOOO 
1 'M oloo 1 1 Oi'JOOO mooioitoi m i 10 101 UOOOI toniuu 11 0000 U 1 1 1100100 
1.' 1 in K«1 1001 HOI 1000001 til 00 1001 01 01 00 11 01 UOOOI 000 101 101 11 

with sequence lenqtn 63. 



i’ne lesiuned Of SR Circuit has 2 staaes. 
Coefficients of tne connection polynomial are: 
' t 

I-,)') 

010 
no * 

2 

1 1 1 
I 00 
1 10 
3 


01 o 

on 

1.01 * 



1 0 4 


.X a U O 1 


4*5- 


oesinn a iiP*SP circuit to generate 


tue sequence 
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CHAPTER V 


CONCLUSI ON 

In this thesis we have studied LFSR circuits over 
GF<2 ) with the following two objectives- The first 
objective is* given a LFSR circuit, to obtain expressions 
for autonomous and total response of this circuit, and study 
the properties of the generated sequences. The second 
objective is* for a given sequence over GF(2 n ), to design 
a shortest length LFSR circuit which can generate it. 

Results obtained in the thesis are summarized in this chapter; 

some suggestions for further investigation in related area 
are also given. 

The important results obtained from the analysis of 
LFSR' circuits over GP(2 n ) are* 

(l) Expressions for autonomous and total response of LFSR 
circuits over GF ( 2 n ) are similar to those for the case of 
LFSR circuits over GF(2) except that the coefficients of 
various polynomials in the expressions are elements of 
GF(2 n ). Since the elements of GF (2 n ) are represented by 
n x 1 binary vectors, the division by the connection 
polynomial C(d) in the expressions corresponds to multipli- 
cation by [GCd)]- 1 , where c(dD is obtained by converting 
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vector' coefficients of C (d) into matrices. Thus the 
expression for the total response, of LFSR circuits for 
GF(2) and GF(2 n ) are* 

GF ( 2 ) : Y(d) = + y jd) 

C(d; 

GF(2 n )i Y(d) = [C(d)]" 1 [P(d)w(d)j 

where symbols have their usual meaning-. The periods of 
output sequence in the case of GF(2 n ) can be determined by 
using the procedure for GF(?)» 

(2) Individual rows of the sequences over GF ( 2 n ) are binary 
sequences. For periodic vector, sequences, these row sequences 
may have different periods such that their LCM is equal to the 
period of the vector sequence, but when the sequence is a 
maximal sequence roxv sequences are also maximal sequences 
with equal periods. 

( 3 ) In the case of maximal sequences, individual rows are 
shifted versions of the same binary sequence xvhich can be 
generated by a mn stage binary LFSr circuit. The connection 
polynomial of this binary LFSR circuit is equal to the 
determinant of the matrix C(d), which is the connection 
polynomial of the LFSR circuit over GF(2 n ). 

(4) The amounts by which rows of a maximal sequence are 
shifted from one of its rows (say from first row) are integral 
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2 m — 1 

multiples of a number P = — , where m is number of stages 

2-1 

in the LFSR. 

( 5 ) If the coefficients of a. primitive polynomial over 
GF(2 n ) are raised to 2“ 3 power, where j=l, 2,3 , . .n-1, then 
the amounts of shifts for the sequence generated by this 
polynomial are 2~ ) times the amounts of shifts for the sequence 
generated by original polynomial. 

For synthesis of LFSR circuits over GF(2 n ), we observe that* 

1* IiFSR circuits over GF(2 n ) can be synthesized by using 
Massey's algorithm. 

2. Different choices of the irreducible polynomial q(x) 
give different circuits, among which the one with shortest 
length is chosen* There is no apparent way to know the q-(x) 
directly from the Sequence which gives the shortest length 
circuit. 

In the light of the work done in this thesis, following 
points need further investigation. 

1.. Amounts of shifts for the rows of a maximal 

sequence are integral multiples of a number P which can be 
calculated in terms of m and n* But can P^ be known directly 
from the knowledge of P and the connection polynomial c(d), 
without calculating the product [c(d)]“ 1 P(d)? If yes, then 
the sequence generated by a primitive polynomial C(d) can be 
obtained directly by taking the sequence generated by 
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^ e t L£(d)] as the first; row (which can be seen from some 

table) and then writing the other rows using 

,, m j . 

K2J Among the primitive polynomials I + S C7 d , 

i=l “ 1 

1=0* 1/ 2 » « in-1, which one gives minimum so that for 

others, amounts of shifts are a- 3 ' ,P^? 

(3) For a given sequence over GF ( 2 n ) , can a q(x) be 
known v/hich gives the shortest length IFSR circuit, without 
synthesizing it for all possible choices of q(x)? 
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Appendix A 

Inverse of the connection polynomial C(d) over GP(2 n ) 

The polynomial C(d) = I t C d + C„d 2 -j-. . *+C d m is the 
connection polynomial of seme LFSR circuit over GF (2 n ) and 
therefore is a polynomial over GF (2 n ) . 

Therefore by the definition of exponent of a polynomial, we 
conclude that c(d) is a factor of l(l+d ) for some least 
integer L. 

c(d) = factor of I (ltd 2 ) 

* 0(d) C* ' (d) = I (ltd 2 ) 

• • SR sra 2; 

* C'Md) = [C(d )] _1 I(l+d 2 ; 


or 




T-l 


(d) 


ltd' 


2 


(A, l) 


where C r 1 (d) is also a polynomial over GF(2 n ). 

Since C(d) is a n x n matrix with polynomials over GF (2 ) as 


C(d) = 


* [c(d)] 


-1 


we - 

can 

write 



c n 

(d) 

C 12 

(d) 

* w C ln 

(d) 

C 2l 

• ■ 

• 

(d) 

C 22 

* 

(d) 

*** C 2n 

(d) 

* 

C -i 

(d) 

C . 

(d) 

. « . c 

(d) 

nl 

n2 


nn 


H* 

°11 

(d) 

c' 

C 12 

(d) 

n* 

0 0 0 V-/-. 

In 

(d) 

°21 

• - a; 

.(d). 

c h 

(d) 

- n* 

*** C 2n 

(d) 

: M 

0 

c 7 

nl 

(d) 

M 

(d) 

nn 

(d) 


NtdT 


where C' .(d) = cofactor of C.,(d) in C(d) 

ij 32 . 

- ' mm mm m i 
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and N(d) = Determinant of c(d) 
Therefore 


[cCa> p 1 


t£' (d> ] sfn 


(A2 ) 


In otherwords, inverse of C(d) can be determined by 
considering c(d) as a matrix and applying ordinary matrix 
inversion technique. 

Example A v l . * The connection polynomial of a LFSR circuit 
over GF(2~) is I + a d + a 2 d + £°d 3 


where a = 


3 

is the primitive element of GF (2 ) and 


r(x) = 1-fx+x 3 . Eind 


C (d) and [c(d)J 


-1 


Here 


M SB 


0 0 1 
10 1 
0 10 


Matrix corresponding to 

a is £ 

= 

[ 

a M,a 

2 

M a 

.] = 


0 

1 0 " 




*1 

1 

o" 

a 2 = 

0 

1 1 

♦ 

a 6 

= 

0 

0 

l 


1 

0 1 

-x< 




1 

0 

0 J 




2 

7 

6 3 




C (d) = * | 

+ 

a d + 


d 4- 

a d 





l+d~ 


d 2 +d 3 . 


d 1+d 2 d+d 2 -fd 3 


2 3 

a^+d 


1+d 


0 0 1 
10 1 
0 10 
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[c(d) ]‘ 


l+d 2 +d 3 d 3 td 4 td 5 1+d 6 

ltd 6 l+d 2 +d 4 +d 5 ltd 3 td 4 td 5 td 6 


■ d 3 +d 4 +d 5 1+d^ 


l+d 2 +d 4 +d 5 


ltd 3 td 4 td 3 -i-d^ 


and therefore N (d) = ltd 3 td 4 td td , 


Exponent of cCd) 

From Eqr* A.l, the exponent of g(d) is L. 

Consider Eg, A, 2. Suppose exponent of N(d) is L' . Then 

[c(d )]- 1 = [c' (a)] ifjy = [§' Ca>] • 

* If L < 1/ then 

* « 

[g(d)j is a factor of l(ltd L ) 

2 

det[C d)] is a factor of det [X(l+d )] 

2 

N (d! is a factor of (ltd ) 

Exponent of N (d) is least (L,.!/ ) = L and not L * 


If L > 1/ then 


L£ (d >J = [cMd)-j 


' (a) [£' (d) 


or [c <d)ly(a) »'(4)] = ia+a > 



i.e. C * 7 (d) is a factor of l(ltd L ) 

Exponent of c(d) = L 7 

Therefore if L £ L 7 then Expv [N(d)] = Exp [c(d)]. 

In other-words, exponent of C(d) is same as the exponent of 
its determinant N(d). 

2 

Example B,l . The determinant of C(d) = I t ad + ad over 

4 01 2 

GF (2 v is 1+dtd , where a = [ ] is element of GF(2 )» 

11 

C(d) is a factor of l(l t d^) with least value of 31=15* 

3K3» SS 

Also ltdtd^ is a factor of ltd* 1 with least value of 
L 7 = 15. Therefore L = L 7 i.e. 

Exp £ c(d)j = Exp [N (d) ] = Exp [det ^c(d)} ] . 

Appen dix C 

Exp [q(d^) ] = P (Exp [q(d)]) 

p XI. 

Let q(d) = q Q + q^' + q 2 d t.^tq^d is a polynomial with 
exponent e* We have to prove that for 

q(d^) = q Q + q^d^ + q^d^t.t.t q^^d 11 ^ the exponent is P.e 

P 

Assume on contrary that exponent of q(d ) is f < Pe 

. p, f 

q(d ) divides ltd 

P 

Put d = x 

q(x) divides Itx^ 7 ^ 

Exponent of q(x) f /# < e which is contradiction to the 
statement that exponent of q(x) = e 
Assumption is wrong 
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Example C.l, Let q(d) = l+d+d 2 +d 5 +d 6 
Calculation shows that Exp [q(d)] = 63 

q\Q ) = 1+d +d +d +d 

Calculation shows that Exp [q(d 2 )] = 126 =2. Exp £q(d) ] 
qvd ; = 1+d +d +d +d 

Calculation shows that Exp [q(d 3 )} = 189 = 3 Exp £q(d)]| 

n u 

■Therefore Exp [q(d h )] = P x Exp [g(d)] is verified from 
this example. 


Appendix D 

List of factors of polynomials over GF (2 ) 

Weldon and Peterson ^- 9 ^ have given the list of irreducible 
polynomials over GF(2) and information about the nature of their 
roots. Here we give the list of all polynomials through degree 
8 with their factors over GP(2). Only coefficients of powers 
of x of the polynomials are given in the list. The corresponding 
polynomials may be obtained as is clear from the following 
example. The symbols N and P mean irreducible and primitive 
respectively. 

Example D. l. In the list, factors of 101101011 are 11,1011 .11111. 
The corresponding polynomials are 

101101011 ss 1+X 2 +x 3 +x 3 +X 7 +x^ 

11 — 1+x 

1011 = 1+X 2 +X 3 

11111 = l+x+x 2 +x 3 +x^ 


mill 


l+x 2 +x 3 +x 3 +x 7 +x 3 = ( l+x)-(l+x 2 +x 3 ) • (l+x+x 2 +x 3 +x^ ) 
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Appendix E 

List of factor s of polynomials over GF(2 2 ) 

Factors of polynomials over GF(2 2 ) through degree 4 
are listed here. ' a' denotes the element of GF(2 2 ) corres- 
ponding to the vector [°] and q(x) = 1+x+x 2 . 'N' mean 
irreducible and * P' means primitive. 

Example E.l , Find factors of l-fa 2 x 2 +lx 4 , a = [°] } 

A 

g(x) = l+x+x z 

l+a 2 x 2 +lx 4 corresponds to 10a 2 01 
Factors from table are lal , lal 
• l+a 2 x 2 +lx 4 = (l+ax + lx 2 ) 1 (it ax + lx 2 ) 
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Factors of polynomials over GF (2^ ) through degree 3 are 

listed below, 'a/ denotes the elanent of GF(2 3 ) corresponding 

to the vector 1 and q(x) = 1-fx+x 3 . 'N' means irreducible. 

0 

E xample F.l . Find factors of l+a 6 x + a 2 x 2 

^ 2 2 

x + a x is written in the list as la 6 a 2 . Factors 
are given to be 11,1a 2 

••• I+a 6 x + a 2 x 2 = (1+lx) • (lta 2 x) . 
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